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Asymptotically 𝓙𝝈-Equivalence of Sequences of Sets 

 
Uğur Ulusu*1, Esra Gülle2 

 

Abstract          

In this study, we introduce the concepts of Wijsman asymptotically 𝒥-invariant equivalence (𝑊𝒥഑

௅ ), 
Wijsman asymptotically strongly 𝑝-invariant equivalence ([𝑊௏഑

௅ ]௣) and Wijsman asymptotically 𝒥∗-

invariant equivalence (𝑊𝒥഑
∗

௅ ). Also, we investigate the relationships among the concepts of Wijsman 

asymptotically invariant equivalence, Wijsman asymptotically invariant statistical equivalence, 𝑊𝒥഑

௅ , 

[𝑊௏഑

௅ ]௣ and 𝑊𝒥഑
∗

௅ .      

Keywords: asymptotically equivalence, 𝒥-convergence, invariant convergence, sequences of sets, 
Wijsman convergence 

 

1. INTRODUCTION AND BACKGROUND 

Let 𝜎 be a mapping of the positive integers into 
themselves. A continuous linear functional 𝜓 on 
ℓஶ, the space of real bounded sequences, is said 
to be an invariant mean or a 𝜎-mean if it satisfies 
following conditions: 

*  𝜓(𝑠) ≥ 0, when the sequence 𝑠 = (𝑠௡) has 
𝑠௡ ≥ 0 for all 𝑛,  

* 𝜓(𝑒) = 1, where 𝑒 = (1,1,1, . . . ) and  

*  𝜓(𝑠ఙ(௡)) = 𝜓(𝑠௡) for all 𝑠 ∈ ℓஶ.  

The mappings 𝜎 are assumed to be one-to-one and 
such that 𝜎௠(𝑛) ≠ 𝑛 for all positive integers 𝑛 
and 𝑚, where 𝜎௠(𝑛) denotes the 𝑚 th iterate of 
the mapping 𝜎 at 𝑛. Thus, 𝜓 extends the limit 
functional on 𝑐, the space of convergent 
sequences, in the sense that 𝜓(𝑠) = lim 𝑠 for all 
𝑠 ∈ 𝑐. 
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Mursaleen [4] defined the concept of strongly    𝜎-
convergent sequence. Then, using a positive real 
number 𝑝, Savaş [9] generalized the concept of 
strongly 𝜎-convergent sequence. Following, 
Savaş and Nuray [10] defined the concept of 
lacunary 𝜎-statistically convergent sequence. 

The idea of 𝒥-convergence which is based on the 
structure of the ideal 𝒥 of subsets of the set ℕ 
(natural numbers) was introduced by Kostyrko et 
al. [2].  

𝒥 ⊆ 2ℕ which is a family of subsets of ℕ is called 
an ideal if it is satisfies following conditions: 

*  ∅ ∈ 𝒥,    

*  For each 𝑋, 𝑌 ∈ 𝒥 we have 𝑋 ∪ 𝑌 ∈ 𝒥,    

* For each 𝑋 ∈ 𝒥 and each 𝑌 ⊆ 𝑋 we have 𝑌 ∈
𝒥. 
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Let 𝒥 ⊆ 2ℕ be an ideal. If ℕ ∉ 𝒥, then 𝒥 is called 
non-trivial and if {𝑛} ∈ 𝒥 for each 𝑛 ∈ ℕ, then a 
non-trivial ideal 𝒥 is called admissible.  

All ideals considered in this study are assumed to 
be admissible. 

An admissible ideal 𝒥 ⊂ 2ℕ is said to be satisfy 
the property (𝐴𝑃) if for every countable family of 
mutually disjoint sets {𝑋ଵ, 𝑋ଶ, . . . } belonging to 𝒥 
there exists a countable family of sets {𝑌ଵ, 𝑌ଶ, . . . } 
such that the symmetric difference 𝑋௝Δ𝑌௝ is a 
finite set for 𝑗 ∈ ℕ and                                 𝑌 =
(⋃ஶ

௝ୀଵ 𝑌௝) ∈ 𝒥. 

ℱ ⊆ 2ℕ which is a family of subsets of ℕ is called 
a filter if it satisfies following conditions: 

* ∅ ∉ ℱ,   

* For each 𝑋, 𝑌 ∈ ℱ we have 𝑋 ∩ 𝑌 ∈ ℱ,    

* For each 𝑋 ∈ ℱ and each 𝑌 ⊇ 𝑋 we have 𝑌 ∈
ℱ. 

For any ideal there is a filter ℱ(𝒥) corresponding 
with 𝒥, given by  

ℱ(𝒥) = {𝑀 ⊂ ℕ: (∃𝑋 ∈ 𝒥)(𝑀 = ℕ\𝑋)}. 

A sequence 𝑠 = (𝑠௡) is said to be 𝒥-convergent to 
𝐿 if for every 𝛾 > 0, the set  

𝐵ఊ = {𝑛: |𝑠௡ − 𝐿| ≥ 𝛾} 

belongs to 𝒥. It is denoted by 𝒥 − lim𝑠௡ = 𝐿. 

A sequence 𝑠 = (𝑠௡) is said to be 𝒥∗-convergent 
to 𝐿 if there exists a set 𝑀 = {𝑚ଵ < 𝑚ଶ <. . . <
𝑚௡ <. . . } ∈ ℱ(𝒥) such that  

lim
௡→ஶ

𝑠௠೙
= 𝐿. 

It is denoted by 𝒥∗ − lim𝑠௡ = 𝐿. 

Recently, the concepts of 𝜎-uniform density of a 
subset 𝐵 of the set ℕ and corresponding                 
𝒥ఙ-convergence for real sequences were 
introduced by Nuray et al. [5]. 

Let 𝐵 ⊆ ℕ and  

𝑠௠ = min
௡

|𝐵 ∩ {𝜎(𝑛), 𝜎ଶ(𝑛), … , 𝜎௠(𝑛)}|,  

𝑆௠ = max
௡

|𝐵 ∩ {𝜎(𝑛), 𝜎ଶ(𝑛), . . . , 𝜎௠(𝑛)}|. 

If the following limits exists  

𝒱(𝐵) = lim
௠→ஶ

𝑠௠

𝑚
, 𝒱(𝐵) = lim

௠→ஶ

𝑆௠

𝑚
, 

then they are called a lower 𝜎-uniform density and 
an upper 𝜎-uniform density of the set 𝐵, 
respectively. 

If 𝒱(𝐵) = 𝒱(𝐵), then 𝒱(𝐵) = 𝒱(𝐵) = 𝒱(𝐵) is 
called the 𝜎-uniform density of 𝐵. 

The class of all 𝐵 ⊆ ℕ with 𝒱(𝐵) = 0 is denoted 
by 𝒥ఙ.  

A sequence 𝑠 = (𝑠௡) is said to be 𝒥ఙ-convergent 
to 𝐿 if for every 𝛾 > 0, the set  

𝐵ఊ = {𝑛: |𝑠௡ − 𝐿| ≥ 𝛾} 

belongs to 𝒥ఙ, i.e., 𝒱(𝐵ఊ) = 0. It is denoted by 
𝒥ఙ − lim𝑠௡ = 𝐿. 

Let 𝑍 be any non-empty set. The function 𝑔: ℕ →
𝑃(𝑍) is defined by 𝑔(𝑖) = 𝐶௜ ∈ 𝑃(𝑍) for each 𝑖 ∈
ℕ, where 𝑃(𝑍) is power set of 𝑍. The sequence 
{𝐶௜} = (𝐶ଵ, 𝐶ଶ, . . . ), which is the range’s elements 
of 𝑔, is said to be set sequences. 

The concept of convergence for real sequences 
has been extended by many researchers to 
concepts of convergence for set sequences. The 
one of these such extensions considered in this 
study is the concept of Wijsman convergence 
(see, [6, 7]). 

Let (𝑍, 𝑑) be a metric space. For any point 𝑧 ∈ 𝑍 
and any non-empty subset 𝐶 of 𝑍, the distance 
from 𝑧 to 𝐶 is defined by  

𝜌(𝑧, 𝐶) = inf
௖∈஼

𝑑(𝑧, 𝑐). 

Throughout the study, we take (𝑍, 𝑑) be a metric 
space and 𝐶, 𝐶௜, 𝐷௜ be any non-empty closed 
subsets of 𝑍. 

A sequence {𝐶௜} is said to be Wijsman convergent 
to 𝐶 if for each 𝑧 ∈ 𝑍,  

lim
௜→ஶ

𝜌(𝑧, 𝐶௜) = 𝜌(𝑧, 𝐶). 

Uğur Ulusu, Esra Gülle
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A sequence {𝐶௜} is said to be Wijsman invariant 
convergent to 𝐶 if for each 𝑧 ∈ 𝑍  

lim
௡→ஶ

1

𝑛
෍

௡

௜ୀଵ

𝜌(𝑧, 𝐶ఙ೔(௠)) = 𝜌(𝑧, 𝐶), 

uniformly in 𝑚 = 1,2, . .. . 

Let 0 < 𝑝 < ∞. A sequence {𝐶௜} is said to be 
Wijsman strongly 𝑝-invariant convergent to 𝐶 if 
for each 𝑧 ∈ 𝑍  

lim
௡→ஶ

1

𝑛
෍

௡

௜ୀଵ

|𝜌(𝑧, 𝐶ఙ೔(௠)) − 𝜌(𝑧, 𝐶)|௣ = 0, 

uniformly in 𝑚. 

A sequence {𝐶௜} is said to be Wijsman invariant 
statistical convergent to 𝐶 if for every 𝛾 > 0 and 
each 𝑧 ∈ 𝑍  

lim
௡→ஶ

1

𝑛
|{𝑖 ≤ 𝑛: |𝜌(𝑧, 𝐶ఙ೔(௠)) − 𝜌(𝑧, 𝐶)| ≥ 𝛾}| = 0, 

uniformly in 𝑚. 

In [3], Marouf introduced the concept of 
asymptotically equivalence for real sequences. 
Then, this concept has been development by 
several researchers. 

Two nonnegative sequences 𝑠 = (𝑠௡) and 𝑡 =
(𝑡௡) are said to be asymptotically equivalent if  

lim
௡→ஶ

𝑠௡

𝑡௡
= 1. 

It is denoted by 𝑠~𝑡. 

The concept of asymptotically equivalence for 
real sequences has been firstly extended by Ulusu 
and Nuray [11] to concept of asymptotically 
equivalence (Wijsman sense) for set sequences. 
Similar concepts can be seen in [1, 8]. 

For any non-empty closed subsets 𝐶௜, 𝐷௜ ⊆ 𝑍 such 
that 𝜌(𝑧, 𝐶௜) > 0 and 𝜌(𝑧, 𝐷௜) > 0 for each 𝑧 ∈ 𝑍, 
the sequences {𝐶௜} and {𝐷௜} are said to be 
asymptotically equivalent (Wijsman sense) if for 
each 𝑧 ∈ 𝑍,  

lim
௜→ஶ

𝜌(𝑧, 𝐶௜)

𝜌(𝑧, 𝐷௜)
= 1. 

It is denoted by 𝐶௜~𝐷௜. 

As an example, consider the following sequences:  

𝐶௜ = {(𝑥, 𝑦): 𝑥ଶ + 𝑦ଶ + 2𝑖𝑥 = 0},  

𝐷௜ = {(𝑥, 𝑦): 𝑥ଶ + 𝑦ଶ − 2𝑖𝑥 = 0}.  

Since  

lim
௜→ஶ

𝜌(𝑧, 𝐶௜)

𝜌(𝑧, 𝐷௜)
= 1, 

the sequences {𝐶௜} and {𝐷௜} are asymptotically 
equivalent (Wijsman sense), i.e., 𝐶௜~𝐷௜ . 

The term 𝜌(𝑧; 𝐶௜, 𝐷௜) is defined as follows:  

𝜌(𝑧; 𝐶௜, 𝐷௜) =

⎩
⎨

⎧
𝜌(𝑧, 𝐶௜)

𝜌(𝑧, 𝐷௜)
, 𝑧 ∈ 𝐶௜ ∪ 𝐷௜

      𝐿 , 𝑧 ∈ 𝐶௜ ∪ 𝐷௜ .

 

Two sequences {𝐶௜} and {𝐷௜} are said to be 
asymptotically invariant equivalent (Wijsman 
sense) of multiple 𝐿 if for each 𝑧 ∈ 𝑍  

lim
௡→ஶ

1

𝑛
෍

௡

௜ୀଵ

𝜌(𝑧; 𝐶ఙ೔(௠), 𝐷ఙ೔(௠)) = 𝐿, 

uniformly in 𝑚. It is denoted by 𝐶௜ ~
ௐ௏഑

ಽ

𝐷௜ . 

Two sequences {𝐶௜} and {𝐷௜} are said to be 
asymptotically invariant statistical equivalent 
(Wijsman sense) of multiple 𝐿 if for every 𝛾 > 0 
and each 𝑧 ∈ 𝑍  

lim
௡→ஶ

1

𝑛
|{𝑖 ≤ 𝑛: |𝜌(𝑧; 𝐶ఙ೔(௠), 𝐷ఙ೔(௠)) − 𝐿| ≥ 𝛾}| = 0, 

uniformly in 𝑚. It is denoted by 𝐶௜ ~
ௐௌ഑

ಽ

𝐷௜. 

The set of all asymptotically invariant statistical 
equivalent (Wijsman sense) sequences is denoted 
by 𝑊𝑆ఙ

௅. 

From now on, for short, we use 𝜌௭(𝐶), 𝜌௭(𝐶௜) and 
𝜌௭(𝐶௜, 𝐷௜) instead of 𝜌(𝑧, 𝐶), 𝜌(𝑧, 𝐶௜) and 
𝜌(𝑧; 𝐶௜, 𝐷௜), respectively.  

2. MAIN RESULTS 

Definition 2.1 Two sequences {𝐶௜} and {𝐷௜} are 
said to be Wijsman asymptotically 𝒥-invariant 
equivalent or Wijsman asymptotically               𝒥ఙ-

Uğur Ulusu, Esra Gülle
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equivalent of multiple 𝐿 if for every 𝛾 > 0 and 
each 𝑧 ∈ 𝑍, the set  

𝐵ఊ,௭
~ : = {𝑖: |𝜌௭(𝐶௜, 𝐷௜) − 𝐿| ≥ 𝛾} 

belongs to 𝒥ఙ, that is, 𝒱(𝐵ఊ,௭
~ ) = 0. In this case, 

we write 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜ and if 𝐿 = 1, simply Wijsman 
asymptotically 𝒥-invariant equivalent. 

The set of all Wijsman asymptotically                           
𝒥ఙ-equivalent sequences will be denoted by 𝑊𝒥഑

௅ .  

Theorem 2.2 Let 𝜌௭(𝐶௜) = 𝒪(𝜌௭(𝐷௜)). If 

𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜, then 𝐶௜ ~
ௐ௏഑

ಽ

𝐷௜.  

Proof. Let 𝑚, 𝑛 ∈ ℕ are arbitrary and 𝛾 > 0 is 
given. Now, we calculate  

𝑇௭(𝑚, 𝑛): = อ
1

𝑚
෍

௠

௜ୀଵ

𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿อ. 

 Then, for each 𝑧 ∈ 𝑍 we have  

𝑇௭(𝑚, 𝑛) ≤ 𝑇௭
ଵ(𝑚, 𝑛) + 𝑇௭

ଶ(𝑚, 𝑛) 

 where    

𝑇௭
ଵ(𝑚, 𝑛): =

1

𝑚
෍

௠

௜ୀଵ
|ఘ೥(஼

഑೔(೙)
,஽

഑೔(೙)
)ି௅|ஹఊ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| 

 and  

 𝑇௭
ଶ(𝑚, 𝑛): =

1

𝑚
෍

௠

௜ୀଵ
|ఘ೥(஼

഑೔(೙)
,஽

഑೔(೙)
)ି௅|ழఊ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|. 

For each 𝑧 ∈ 𝑍 and every 𝑛 = 1,2, . .., it is obvious 
that 𝑇௭

ଶ(𝑚, 𝑛) < 𝛾. Since 𝜌௭(𝐶௜) = 𝒪(𝜌௭(𝐷௜)), 
there exists an 𝑅 > 0 such that  

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| ≤ 𝑅 

for each 𝑧 ∈ 𝑍 (𝑖 = 1,2, . . . ;   𝑛 = 1,2, . . . ). So, 
this implies that   

𝑇௭
ଵ(𝑚, 𝑛) ≤

𝑅

𝑚
|{1 ≤ 𝑖 ≤ 𝑚: |𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| ≥ 𝛾}| 

≤ 𝑅
୫ୟ୶

೙
ቚቄଵஸ௜ஸ௠:ቚఘ೥ቀ஼

഑೔(೙)
,஽

഑೔(೙)
ቁି௅ቚஹఊቅቚ

௠
                         

= 𝑅
ௌ೘

௠
.                                                                              

Then, due to our hypothesis, 𝐶௜ ~
ௐ௏഑

ಽ

𝐷௜ .  

Definition 2.3 Let 0 < 𝑝 < ∞. Two sequences 
{𝐶௜} and {𝐷௜} are said to be Wijsman 
asymptotically strongly 𝑝-invariant equivalent of 
multiple 𝐿 if for each 𝑧 ∈ 𝑍  

lim
௡→ஶ

1

𝑛
෍

௡

௜ୀଵ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣ = 0, 

 uniformly in 𝑚. In this case, we write 𝐶௜ ~
[ௐೇ഑

ಽ ]೛

𝐷௜ 
and if 𝐿 = 1, simply Wijsman asymptotically 
strongly 𝑝-invariant equivalent.  

Theorem 2.4 If 𝐶௜ ~
[ௐೇ഑

ಽ ]೛

𝐷௜, then 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜.  

Proof. Let 𝐶௜ ~
[ௐೇ഑

ಽ ]೛

𝐷௜ and 𝛾 > 0 is given. For each 
𝑧 ∈ 𝑍, we can write   

෍

௠

௜ୀଵ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣ 

≥ ෍

௠

௜ୀଵ
ቚఘ೥ቀ஼

഑೔(೙)
,஽

഑೔(೙)
ቁି௅ቚஹఊ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣  

≥ 𝛾௣|{1 ≤ 𝑖 ≤ 𝑚: |𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| ≥ 𝛾}| 

≥ 𝛾௣max
௡

|{1 ≤ 𝑖 ≤ 𝑚: |𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| ≥ 𝛾}| 

 and so   

1

𝑚
෍

௠

௜ୀଵ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣ 

≥ 𝛾௣
max

௡
|{1 ≤ 𝑖 ≤ 𝑚: |𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| ≥ 𝛾}|

𝑚
 

= 𝛾௣
𝑆௠

𝑚
, 

for all 𝑛. This implies that lim
௠→ஶ

ௌ೘

௠
= 0 and 

consequently 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜.  

Theorem 2.5 Let 𝜌௭(𝐶௜) = 𝒪(𝜌௭(𝐷௜)). If 

𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜, then 𝐶௜ ~
[ௐೇ഑

ಽ ]೛

𝐷௜.  

Proof. Let 𝜌௭(𝐶௜) = 𝒪(𝜌௭(𝐷௜)) and 𝛾 > 0 is 

given. Also, we suppose that 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜. By 
assumption, we have 𝒱(𝐵ఊ,௭

~ ) = 0. Since 
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𝜌௭(𝐶௜) = 𝒪(𝜌௭(𝐷௜)), there exists an 𝑅 > 0 such 
that  

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿| ≤ 𝑅 

for each 𝑧 ∈ 𝑍 (𝑖 = 1,2, . . . ;  𝑛 = 1,2, . . . ). 

Then, for each 𝑧 ∈ 𝑍 we get   

1

𝑚
෍

௠

௜ୀଵ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣ 

=
1

𝑚
෍

௠

௜ୀଵ
|ఘ೥(஼

഑೔(೙)
,஽

഑೔(೙)
)ି௅|ஹఊ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣         

+
1

𝑚
෍

௠

௜ୀଵ
|ఘ೥(஼

഑೔(೙)
,஽

഑೔(೙)
)ି௅|ழఊ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣   

≤ 𝑅
max

௡
ห൛𝑖 ≤ 𝑚: ห𝜌௭൫𝐶ఙ೔(௡), 𝐷ఙ೔(௡)൯ − 𝐿ห ≥ 𝛾ൟห

𝑚
+ 𝛾௣  

≤ 𝑅
𝑆௠

𝑚
+ 𝛾௣,                                                                 

for all 𝑛. Hence, for each 𝑧 ∈ 𝑍 we have  

lim
௠→ஶ

1

𝑚
෍

௠

௜ୀଵ

|𝜌௭(𝐶ఙ೔(௡), 𝐷ఙ೔(௡)) − 𝐿|௣ = 0. 

This completes the proof.  

Considering the Theorem 2.4 and Theorem 2.5 
together we can give the following corollary: 

Corollary 2.6 Let 𝜌௭(𝐶௜) = 𝒪(𝜌௭(𝐷௜)). Then, 

𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜ if and only if 𝐶௜ ~
[ௐೇ഑

ಽ ]೛

𝐷௜.  

Now, without proof, we shall state a theorem that 
gives a relation between 𝑊𝒥഑

௅  and 𝑊𝑆ఙ
௅. 

Theorem 2.7 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜ ⟺ 𝐶௜ ~
ௐௌ഑

ಽ

𝐷௜.     

 

Definition 2.8 Two sequences {𝐶௜} and {𝐷௜} are 
said to be Wijsman asymptotically 𝒥∗-invariant 
equivalent or Wijsman asymptotically 𝒥ఙ

∗ -
equivalent of multiple 𝐿 if and only if there exists 
a set 𝑀 = {𝑚ଵ < 𝑚ଶ <. . . < 𝑚௜ <. . . } ∈ ℱ(𝒥ఙ) 
such that for each 𝑧 ∈ 𝑍,  

lim
௜→ஶ

𝜌௭(𝐶௠೔
, 𝐷௠೔

) = 𝐿. 

In this case, we write 𝐶௜ ~
ௐ

𝒥഑
∗

ಽ

𝐷௜ and if 𝐿 = 1, simply 
Wijsman asymptotically 𝒥ఙ

∗ -equivalent.  

Theorem 2.9 If 𝐶௜ ~
ௐ

𝒥഑
∗

ಽ

𝐷௜, then 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜.  

Proof. Let 𝐶௜ ~
ௐ

𝒥഑
∗

ಽ

𝐷௜. Then, there exists a set 𝐻 ∈
𝒥ఙ such that for 𝑀 = ℕ\𝐻 = {𝑚ଵ < 𝑚ଶ <. . . <
𝑚௜ <. . . } and each 𝑧 ∈ 𝑍,  

lim
௜→ஶ

𝜌௭൫𝐶௠೔
, 𝐷௠೔

൯ = 𝐿.               (2.1) 

Given 𝛾 > 0. By (2.1), there exists an 𝑖଴ ∈ ℕ 
such that  

|𝜌௭(𝐶௠೔
, 𝐷௠೔

) − 𝐿| < 𝛾, 

for each 𝑖 > 𝑖଴. Hence, for every 𝛾 > 0 and each 
𝑧 ∈ 𝑍 it is obvious that  

{𝑖 ∈ ℕ: |𝜌௭(𝐶௜ , 𝐷௜) − 𝐿| ≥ 𝛾} ⊂ 𝐻 ∪ ൛𝑚ଵ < 𝑚ଶ <. . . < 𝑚௜బ
ൟ. 

(2.2) 

Since 𝒥ఙ is admissible, the set on the right-hand 

side of (2.2) belongs to 𝒥ఙ. Therefore, 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜.  

The converse of Theorem 2.9 holds if 𝒥ఙ has 
property (𝐴𝑃). 

Theorem 2.10 Let 𝒥ఙ has property (𝐴𝑃). If 

𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜, then 𝐶௜ ~
ௐ

𝒥഑
∗

ಽ

𝐷௜.  

Proof. Suppose that 𝒥ఙ satisfies condition (𝐴𝑃). 

Let 𝐶௜ ~
ௐ𝒥഑

ಽ

𝐷௜. Then, for every 𝛾 > 0 and each 𝑧 ∈
𝑍 we have  

{𝑖: |𝜌௭(𝐶௜, 𝐷௜) − 𝐿| ≥ 𝛾} ∈ 𝒥ఙ . 

Put  

𝑋ଵ = {𝑖: |𝜌௭(𝐶௜, 𝐷௜) − 𝐿| ≥ 1} 

 

and  

𝑋௡ = {𝑖:
1

𝑛
≤ |𝜌௭(𝐶௜, 𝐷௜) − 𝐿| <

1

𝑛 − 1
}, 

for 𝑛 ≥ 2 (𝑛 ∈ ℕ). Obviously, 𝑋௜ ∩ 𝑋௝ = ∅ for 
each 𝑧 ∈ 𝑍 and 𝑖 ≠ 𝑗. By condition (𝐴𝑃), there 
exists a sequence of {𝑌௡}௡∈ℕ such that 𝑋௝Δ𝑌௝ are 
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finite sets for 𝑗 ∈ ℕ and 𝑌 = (⋃ஶ
௜ୀଵ 𝑌௝) ∈ 𝒥ఙ. It is 

enough to prove that for 𝐺 = ℕ\𝑌 and each 𝑧 ∈
𝑍, we have  

lim
௜→ஶ
௜∈ீ

𝜌௭(𝐶௜, 𝐷௜) = 𝐿.                  (2.3) 

Let 𝛿 > 0. Choose 𝑛 ∈ ℕ such that 
ଵ

௡ାଵ
< 𝛿. 

Hence, for each 𝑧 ∈ 𝑍    

{𝑖: |𝜌௭(𝐶௜, 𝐷௜) − 𝐿| ≥ 𝛿} ⊂ ራ

௡ାଵ

௝ୀଵ

𝑋௝ . 

Since 𝑋௝Δ𝑌௝ (𝑗 = 1,2, . . . , 𝑛 + 1) are finite sets, 
there exists an 𝑖଴ ∈ ℕ such that  

ቌራ

௡ାଵ

௝ୀଵ

𝑌௝ቍ ∩ {𝑖: 𝑖 > 𝑖଴} = ቌራ

௡ାଵ

௝ୀଵ

𝑋௝ቍ ∩ {𝑖: 𝑖 > 𝑖଴}. 

(2.4) 

If 𝑖 > 𝑖଴ and 𝑖 ∉ 𝑌, then 𝑖 ∉ ⋃௡ାଵ
௝ୀଵ 𝑌௝ and by (2.4), 

𝑖 ∉ ⋃௡ାଵ
௝ୀଵ 𝑋௝. But then, for each 𝑧 ∈ 𝑍 we get  

|𝜌௭(𝐶௜, 𝐷௜) − 𝐿| <
1

𝑛 + 1
< 𝛿 

 and so (2.3) holds. Consequently, we have 

𝐶௜ ~
ௐ

𝒥഑
∗

ಽ

𝐷௜.  
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