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Asymptotically J ,-Equivalence of Sequences of Sets

Ugur Ulusu™!, Esra Giille?

Abstract

In this study, we introduce the concepts of Wijsman asymptotically J-invariant equivalence (WJLJ),
Wijsman asymptotically strongly p-invariant equivalence ([WVL(T ]p) and Wijsman asymptotically J*-

invariant equivalence (WJ’}T). Also, we investigate the relationships among the concepts of Wijsman

asymptotically invariant equivalence, Wijsman asymptotically invariant statistical equivalence, WJLU,

[Wy; 1, and Wy .

Keywords: asymptotically equivalence, J-convergence, invariant convergence, sequences of sets,

Wijsman convergence

1. INTRODUCTION AND BACKGROUND

Let o0 be a mapping of the positive integers into
themselves. A continuous linear functional 1 on
£, the space of real bounded sequences, is said
to be an invariant mean or a g-mean if it satisfies
following conditions:

* Y(s) = 0, when the sequence s = (s,) has
S, = 0 forall n,

* P(e) =1,wheree =(1,1,1,...) and
* Y(Sem)) = P(sp) forall s € 4.

The mappings o are assumed to be one-to-one and
such that 0™ (n) # n for all positive integers n
and m, where ¢™(n) denotes the m th iterate of
the mapping o at n. Thus, Y extends the limit
functional on ¢, the space of convergent
sequences, in the sense that (s) = lim s for all
SEc.
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Mursaleen [4] defined the concept of strongly o-
convergent sequence. Then, using a positive real
number p, Savas [9] generalized the concept of
strongly o-convergent sequence. Following,
Savas and Nuray [10] defined the concept of
lacunary o-statistically convergent sequence.

The idea of J-convergence which is based on the
structure of the ideal J of subsets of the set N
(natural numbers) was introduced by Kostyrko et
al. [2].

J < 2N which is a family of subsets of N is called
an ideal if it is satisfies following conditions:

* Qed,
Foreach X,Y € Jwehave X UY € J,
ForeachX € JandeachY € X wehaveY €

*
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Let J S 2N be anideal. IfN ¢ 7, then J is called
non-trivial and if {n} € J for each n € N, then a
non-trivial ideal J is called admissible.

All ideals considered in this study are assumed to
be admissible.

An admissible ideal J < 2V is said to be satisfy
the property (AP) if for every countable family of
mutually disjoint sets {X;, X5, ...} belonging to J
there exists a countable family of sets {Y;,Y5,...}
such that the symmetric difference X;AY; is a
finite set for j € N and Y =
(U;‘;1 Y;)) €.
F < 2N which is a family of subsets of N is called
a filter if it satisfies following conditions:
* Q0eF,
* ForeachX,Y € Fwehave XNY € F,
* ForeachX € FandeachY 2 X wehaveY €
F.
For any ideal there is a filter F(J) corresponding
with J, given by

F(J) ={M cN:3X € J)(M = N\X)}.

A sequence s = (s,) is said to be J-convergent to
L if for every y > 0, the set

B, = {n:|s, — L| 2y}
belongs to J. It is denoted by J — lims,, = L.
A sequence s = (s,) is said to be J*-convergent

to L if there exists a set M = {m; <m, <...<
my, <...} € F(J) such that

lims,, = L.

n—->0oo

It is denoted by J* — lims,, = L.

Recently, the concepts of g-uniform density of a
subset B of the set N and corresponding
Js-convergence for real sequences were
introduced by Nuray et al. [5].

Let B € N and

Sy = mgnIB n{o(n),o?(n), ...,a™ (M)},

S = mr?x|B Nn{o(n),c%(n),...,c™(n)}.
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If the following limits exists

S — S

V(B) = lim =,  7V(B) = lim =%,

- m-oco m m-oco M

then they are called a lower o-uniform density and
an upper o-uniform density of the set B,
respectively.

If V(B) = V(B), then V(B) = V(B) = V(B) is
called the o-uniform density of B.

The class of all B € N with V(B) = 0 is denoted
by J,-

A sequence s = (s,) is said to be J,-convergent
to L if for every y > 0, the set

B, ={n:|s, — L| 2y}

belongs to J,, i.c., V(B,) = 0. It is denoted by
Js — lims,, = L.

Let Z be any non-empty set. The function g: N —
P(Z) is defined by g(i) = C; € P(Z) foreachi €
N, where P(Z) is power set of Z. The sequence
{C;} = (C4,Cy,...), which is the range’s elements
of g, is said to be set sequences.

The concept of convergence for real sequences
has been extended by many researchers to
concepts of convergence for set sequences. The
one of these such extensions considered in this
study is the concept of Wijsman convergence
(see, [6, 7]).

Let (Z,d) be a metric space. For any point z € Z
and any non-empty subset C of Z, the distance
from z to C is defined by

p(z,C) = ;di(z' C).
Throughout the study, we take (Z, d) be a metric
space and C,C;,D; be any non-empty closed

subsets of Z.

A sequence {C;} is said to be Wijsman convergent
to C if foreach z € Z,

limp(z, ;) = p(z, 0).
L—>00

719



Ugur Ulusu, Esra Gllle

Asymptotically J_>-Equivalence Of Sequences Of Sets

A sequence {C;} is said to be Wijsman invariant
convergent to C if foreach z € Z
1N
lim = ) p(z Coigny) = p(2,0),
i=1

uniformly inm = 1,2,....

Let 0 <p < oo. A sequence {C;} is said to be
Wijsman strongly p-invariant convergent to C if
foreachz € Z

n

1
7&1—1;1;105 |p(Z' Co'i(m)) - p(Z' C)lp =0,
i=1

uniformly in m.

A sequence {C;} is said to be Wijsman invariant
statistical convergent to C if for every y > 0 and
eachz € Z

N
lim —|{i < n:1p(2, Cyigmy) = P2, O Z V)| = 0,
uniformly in m.

In [3], Marouf introduced the concept of
asymptotically equivalence for real sequences.
Then, this concept has been development by
several researchers.

Two nonnegative sequences s = (s,) and t =
(t,,) are said to be asymptotically equivalent if

S
lim =% = 1.

It is denoted by s~t.

The concept of asymptotically equivalence for
real sequences has been firstly extended by Ulusu
and Nuray [11] to concept of asymptotically
equivalence (Wijsman sense) for set sequences.
Similar concepts can be seen in [1, 8].

For any non-empty closed subsets C;, D; © Z such
that p(z, C;) > 0 and p(z,D;) > O foreachz € Z,
the sequences {C;} and {D;} are said to be
asymptotically equivalent (Wijsman sense) if for
eachz € Z,

lim p(Z' Cl) —
i—e p(Z, Di)
It is denoted by C;~D;.
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As an example, consider the following sequences:
C; = {(x,y):x% + y? + 2ix = 0},
D; = {(x,y):x% + y? — 2ix = 0}

Since

im p(Z, Cl) -1
i—)oop(Z, Dl) ’

the sequences {C;} and {D;} are asymptotically
equivalent (Wijsman sense), i.e., C;~D,;.
The term p(z; C;, D;) is defined as follows:
(P(z C)
p(z;C;, D) = {p(z' Py

Cr

Two sequences {C;} and {D;} are said to be
asymptotically invariant equivalent (Wijsman
sense) of multiple L if for each z € Z

ZZCL'UDL'

ZECiUDi.

1
lim —
n—-oon

n
Z p(z; Ci(my Do.i(m)) =1L,
i=1

: : . WV
uniformly in m. It is denoted by C; ~ D;.

Two sequences {C;} and {D;} are said to be
asymptotically invariant statistical equivalent
(Wijsman sense) of multiple L if for every y > 0
andeachz € Z

1
711_1)1305 I{i <n:1p(z Chigny Dyigmy) — LI Z ¥} =0,
. : . wsg
uniformly in m. It is denoted by C; ~ D;.

The set of all asymptotically invariant statistical
equivalent (Wijsman sense) sequences is denoted
by WSEL.

From now on, for short, we use p,(C), p,(C;) and
pz(C;,D;) instead of p(z,C), p(z C;) and
p(z; C;, D;), respectively.

2. MAIN RESULTS

Definition 2.1 Two sequences {C;} and {D;} are
said to be Wijsman asymptotically J-invariant
equivalent or Wijsman asymptotically Jo-
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equivalent of multiple L if for every y > 0 and
each z € Z, the set

By.:={i:1p;(C;, D;) — L| 2 v}

belongs to J,, that is, V(B; ;) = 0. In this case,
L

w.
we write C; gUDi and if L = 1, simply Wijsman
asymptotically J-invariant equivalent.

The set of all Wijsman asymptotically
Js-equivalent sequences will be denoted by WJLU.

Theorem 2.2 Let p,(C;) =0(p,(Dy)). If
L

w. L
J wy,
Ci ~0Dia then Ci ~ Di'

Proof. Let m,n € N are arbitrary and y > 0 is
given. Now, we calculate

m

1

Ez pZ(Co.i(n), Do.i(n)) - L .
i=1

Then, for each z € Z we have

T,(m,n) < T(m,n) + T2(m,n)

T,(m,n):=

where

m

Tzl(m,n):=% Z

i=1
1P2(C iy D giy)~LIZY

|pZ(Co'i(n)' Da'i(n)) - Ll

and

m

TZ(m,n): = % Z

i=1
1P2(C iy D iy )~ LI<Y

102(C gi(ny Dgigny) — LI

Foreach z € Z andeveryn = 1,2,..., it is obvious
that T7(m,n) <y. Since p,(C;) = O0(p,(Dy)),
there exists an R > 0 such that

|pZ(Co.i(n), Do.i(n)) - Ll S R
for each z€Z (i=12,...; n=1,2,...). So,
this implies that

Tl(m n) < _l{l Si<m:p,(C ol i(n)) — L =y}

R mrz;\x|{1sism:|pz(Cai(n),Dai(n))—L|2y}|
m

=R
2
L

wvk
Then, due to our hypothesis, C; ~ D;.
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Definition 2.3 Let 0 < p < c0. Two sequences
{C;} and {D;} are said to be Wijsman
asymptotically strongly p-invariant equivalent of
multiple L if for each z € Z

lim — Z|Pz(ca(n)' O'(n)) L|P =

n-on

. . . . [W&O']p
uniformly in m. In this case, we write C; ~ D;
and if L =1, simply Wijsman asymptotically

strongly p-invariant equivalent.

L L

]
Theorem 2.4 If C Dl, then C; ~ D

wik

Wy 1p
Proof. Let C; 5 D andy > 01is given. For each
Z € Z, we can write

m
2 |pZ(Cai(n)’ Dai(n)) - Llp
i=1

- 5

i=1
|pz(cai(n)'Dai(n))_L|2y

> yP{1 < i < m:]p,(Ciny D

|pZ(Cai(n)' Dai(n)) - Llp
> ypmrflxl{l <is<m: |pZ(CJi(n),DJi(n)) — Ll =y}

and so

m
1
- . . 7P
— > 16:Ctny Doty) = L
i=1

mfx|{1 <t =mip(Chigny Dyiny) — LI 2 V3

> p
14 m

=yp

)

Sm
m

for all n. This implies that lim Sm =0 and
m—co
L

WJU

consequently C; ~ D;.

Theorem 2.5 Let p,(C) =0(p,(Dy)). If
(W, 1p

C Dl, then C; ~ D;.

Proof. Let p,(C;) = O0(p,(D;)) and ]/ >0 is

given. Also, we suppose that C ~ D By
assumption, we have 7V(B,,)=0. Since
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pz(C)) = O(p,(D;)), there exists an R > 0 such
that

|pZ(CJi(n)’Do‘i(n)) — Ll <R
foreachzeZ (i=12,...; n=1.2,...).

Then, for each z € Z we get

m

1

2 1ty D) = LP
i=1

_1 i
- _

i=1
IpZ(Cai(n)'Do-i(n))_le‘y

|pZ(Cg'i(n)' Dgi(n)) - Llp

m
1
a3
m .
i=1
|pZ(Cai(n)'Do-i(n))_L|<y
m3x|{l <m: |pZ(CUi(n),Da_i(n)) — L| > y}|

<R +yP
- 14

|pZ(Cg'i(n)' Dgi(n)) - Llp

Sm
< R— p‘
+y
for all n. Hence, for each z € Z we have

m

o1

llm _z IpZ(Co'i(n)’ Do.i(n)) - Llp = 0.
i=1

m-ooMm
This completes the proof.

Considering the Theorem 2.4 and Theorem 2.5
together we can give the following corollary:

Corollary 2.6 Let p,(C;) = O(p,(D;)). Then,

Wy, 1p

Wi,
Cl' ~ Di if and only if Ci ~ Di-

Now, without proof, we shall state a theorem that
gives a relation between WJLU and WSE.

Wy, wsk
Theorem 2.7 C; ~ D; & C; ~ D;.

Definition 2.8 Two sequences {C;} and {D;} are
said to be Wijsman asymptotically J*-invariant
equivalent or Wijsman asymptotically J;-
equivalent of multiple L if and only if there exists
aset M={m <m,<...<m; <...} EF(Js)
such that for each z € Z,

.limpz(cmi' Dmi) = L.
L—00
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wk
In this case, we write C; ngi andif L = 1, simply
Wijsman asymptotically J;-equivalent.

W5 W,
Theorem 2.9 If C; ~ D;, then C; ~ D;.

wk
J5 .
Proof. Let C; ~ D;. Then, there exists a set H €
Js such that for M = N\H = {m; <m, <...<
m; <...}and each z € Z,

}Lrglopz(cmi,Dmi) = L. (2.1)

Given y > 0. By (2.1), there exists an iy €N
such that

|pZ(Cmi'Dmi) - Ll < yl

for each i > ij,. Hence, for every y > 0 and each
Z € Z it is obvious that

{i eN:|p,(C,D) —LI =y} c HU{my <m, <...<m}.
(2.2)

Since J, is admissible, the set on the right-hand
L

w.
side of (2.2) belongs to J,. Therefore, C; ~J«JD1~.

The converse of Theorem 2.9 holds if J, has
property (AP).

Theorem 2.10 Let J, has property (AP). If
W, Wi
Ci ~ Dia then Ci ~ Di'
Proof. Suppose that J, satisfies condition (AP).
L

w.
Let C; ngl-. Then, for every y > 0 and each z €
Z we have

{i: Ipz(CiJDi) - LI = ]/} € (70-
Put
X1 ={i:|p,(C;,D;) — L] = 1}

and
1 1
Xn == 1p,(C D) — Ll < ——7}
for n = 2 (n € N). Obviously, X; N X; = @ for

each z € Z and i # j. By condition (AP), there
exists a sequence of {¥; },en such that X;AY; are
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finite sets for j € Nand ¥ = (U2, Yj) € J,. Itis
enough to prove that for G = N\Y and each z €
Z,we have

limp, (C;, D) = L. (2.3)
ec
Let 6§ > 0. Choose n € N such that ﬁ < 4.
Hence, foreach z € Z

n+1

{islp.Cu D) ~ L1 2 8} = | ] ;.
j=1

Since X;AY; (j =1,2,...,n+ 1) are finite sets,
there exists an i, € N such that

n+1 n+1
UY]- N{ii > iy} = ij N {isi > i),

(2.4)

Ifi >ipandi @ Y, theni & U] Y; and by (2.4),
i & UTZ! X;. But then, for each z € Z we get

1
lp,(Ci, D) — L| < T 6

and so (2.3) holds. Consequently, we have
Wy
Ci ~0Di'

3. REFERENCES

[1] O. Kisi and F. Nuray, “On Sy(J)-
asymptotically statistical equivalence of
sequences of sets,” ISRN Mathematical
Analysis, vol. 2013, Article ID 602963,
6 pages, 2013. doi:10.1155/2013/602963

[2] P. Kostyrko, W. Wilczynski, and T. Salat,
“J-convergence,” Real Anal. Exchange,
vol. 26, no. 2, pp. 669-686, 2000.

[3] M. Marouf, “Asymptotic equivalence and
summability,” Int. J. Math. Math. Sci.,
vol 16, no. 4, pp. 755-762, 1993.

[4] M. Mursaleen, “Matrix transformation
between some new sequence spaces,”
Houston J. Math., vol. 9, no. 4, pp. 505-509,
1983.

Sakarya University Journal of Science 23(5), 718-723, 2019

[5] F. Nuray, H. Gok, and U. Ulusu, “J -
convergence,” Math. Commun., vol.16, pp.
531-538, 2011.

[6] F. Nuray and B. E. Rhoades, “Statistical
convergence of sequences of sets,” Fasc.
Math., vol. 49, pp. 87-99, 2012.

[7] N. Pancaroglu and F. Nuray, “On invariant
statistically convergence and lacunary
invariant ~ statistically  convergence of
sequences of sets,” Progress in Applied
Mathematics, vol. 5, no. 2, pp. 23-29, 2013.

[8] N. Pancaroglu, F. Nuray, and E. Savasg, “On
asymptotically lacunary invariant statistical
equivalent set sequences,” AIP Conf. Proc.,
vol. 1558, no. 1, pp. 780-781, 2013.
doi:10.1063/1.4825609

[9] E. Savas, “Strongly o-convergent sequences,”
Bull. Calcutta Math., vol. 81, pp. 295-300,
1989.

[10] E. Savas and F. Nuray, “On o-statistically
convergence and lacunary o-statistically

convergence,” Math. Slovaca, vol. 43, no. 3,
pp. 309-315, 1993.

[11] U. Ulusu and F. Nuray, “On asymptotically
lacunary statistical equivalent set sequences,”
Journal of Mathematics, vol. 2013, Article ID
310438, 5 pages, 2013.
doi:10.1155/2013/310438

723



