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Abstract

In this paper, we defined the concepts of lacunary Z*-convergence and strongly lacunary Z*-convergence.
We investigated the relations between strongly lacunary Z-convergence and strongly lacunary Z*-
convergence. Also, we defined the concept of strongly lacunary Z*-Cauchy sequence and investigated
the relations between strongly lacunary Z-Cauchy sequence and strongly lacunary Z*-Cauchy sequence.
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1. Introduction and definitions

Throughout the paper N and R denote the set of all positive integers and the set of all real numbers, respectively.
The concept of convergence of a sequence of real numbers has been extended to statistical convergence indepen-
dently by Fast [1] and Schoenberg [2]. The concept of Z-convergence in a metric space, which is a generalized
from of statistical convergence, was introduced by Kostyrko et al. [3]. Later it was further studied many others.
Nabiev et al. [4] studied on Z-Cauchy sequence and Z*-Cauchy sequence with some properties. Recently, Das et
al. [5] introduced new notions, namely Z-statistical convergence and Z-lacunary statistical convergence by using
ideal. Also, Yamanci and Giirdal [6] introduced the notions lacunary Z-convergence and lacunary Z-Cauchy in
the topology induced by random n-normed spaces and prove some important results. Debnath [7] studied the
notion of lacunary ideal convergence in intuitionistic fuzzy normed linear spaces as a variant of the notion of ideal
convergence. Tripathy et al. [8] introduced the concept of lacunary Z-convergent sequences. A lot of development
have been made about the statistical convergence and ideal convergence defined in different setups [9-11].

In this paper, we defined the concepts of lacunary Z*-convergence and strongly lacunary Z*-convergence. We
investigated the relations between strongly lacunary Z-convergence and strongly lacunary Z*-convergence. Also,
we defined the concept of strongly lacunary Z*-Cauchy sequence and investigated the relations between strongly
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lacunary Z-Cauchy sequence and strongly lacunary Z*-Cauchy sequence.

Now, we recall some basic concepts and definitions (see [3, 4, 6-8, 12-21]).
A family of sets Z C 2" is called an ideal if and only if

(i) 0 € T,

(i) If A,BeZ,then AUB €T,

(tit) f A€ Tand B C A, then B € 7.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if {n} € Z for each n € N.
A family of sets F C 2V is a filter if and only if

()0 ¢ F,

(i) If A,Be F,then ANB € F,

(1)) If A€ Fand B D A, then B € F.

7 is a non-trivial ideal in N, then the set

F(I)={M c X : BA e IT)(M = X\A)}

is a filter in N, called the filter associated with Z.

An admissible ideal Z C 2" is said to satisfy the property (AP) if for every countable family of mutually disjoint
sets { A1, Aa, - - - } belonging to Z there exists a countable family of sets { By, B, - - - } such that A;AB; is a finite set
forjeNand B= |J B; € 1.

j=1

Let Z C 2" be an admissible ideal. A sequence (z,,) of elements of R is said to be Z-convergent to L € R if for

eache >0
A)={neN: |z, - L| >¢c} €T.

Let Z C 2" be an admissible ideal. A sequence (z,,) of elements of R is said to be Z-Cauchy sequence if for each

€ > 0 there exists a number N = N(¢) such that

A()={neN: |z, —zn| >} €T

A sequence (z,,) is said to be Z*-convergent to L if and only if there exists a set M = {m; < mg < --- <my, <
--} CN, M € F(Z) such that

lim z,,, = L.
k—o00

A sequence (z,,) is said to be Z*-Cauchy sequence if and only if there exists a set M = {m; < mg < --- <my <
.-} € N, M € F(T) such that the subsequence z); = (z,,) is an ordinary Cauchy sequence, that is,

kggoo |2y, = Zm, | = 0.

By a lacunary sequence we mean an increasing integer sequence 6 = {k, } such that
k‘o = 0and hr = k‘,- — k'r—l — 0
as r — oo. Throughout this paper the intervals determined by 6 will be denoted by

Ir = (kr—h kr}

and ratio kfil will be abbreviated by g,.

Throughout the paper, we take § = {k,.} be a lacunary sequence and Z C 2 be an admissible ideal.
A sequence (x,,) of elements of R is said to be strongly lacunary convergent to L € R if

A sequence () is said to be a strongly lacunary Z-convergent to L, if for every ¢ > 0 such that

1
{rEN:hZ|xn—L|ZE}EZ.

r nel,
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In this case, we write x,, — L[Z].
A sequence (z,,) is said to be a strongly lacunary Z-Cauchy if for every € > 0 there exists a number N = N (¢)

such that .
{rEN:hZ xn—a:Nza}EI.

r nel,

Lemma 1.1. [4] Let {P;}5° be a countable collection of subsets of N such that P; € F(Z) for each i, where F'(I) is a filter
associate with an admissible ideal T with property (AP). Then there exists a set P C N such that P € F(T) and the set P\ P,
is finite for all i.

2. Main results

In this section, firstly, we gave the concepts of lacunary Z*-convergence and strongly lacunary 7*-convergence.
We investigated the relations between strongly lacunary Z-convergence and strongly lacunary Z*-convergence.
Then after, we gave the concept of strongly lacunary Z*-Cauchy sequence and investigated the relations between
strongly lacunary Z-Cauchy sequence and strongly lacunary Z*-Cauchy sequence.

Definition 2.1. [12]. A sequence (z,,) is said to be lacunary Z*-convergent to L if and only if there exists a set
M={m; <mg <---<my <---} C Nsuch that for theset M’ = {r e N: my, € I,} € F(Z) we have

In this case, we write z,, — L(Z}).

Definition 2.2. A sequence (z,,) is said to be strongly lacunary Z*-convergent to L if and only if there exists a set
M={m; <mg <---<my <---} C Nsuch that for the set M’ = {r e N: my, € I,} € F(Z) we have

In this case, we write x,, — L[Z;].
Theorem 2.1. If a sequence (x,) is strongly lacunary T*-convergent to L, then it is lacunary Z*-convergent to L.

Proof. Let z, — L[Z;]. Then, there exists aset M = {m; < my < --- < my < ---} C N such that for the set
M ={reN:myel.}eFZ)(ie.H=N\M €I)and for every ¢ > 0 thereis a ry = ro(¢) € N such that for all
r > rg we have

1
W > Jam, — L <e, (reM).
r kel,

Then, we have

< oYl L

" kel
< g (reM)

%Zwmk—[/

kel,

for every e > 0 and all 7 > ry = r¢(¢) and so z,, — L(Zj). O
Theorem 2.2. If a sequence (x,) is strongly lacunary I*-convergent to L, then it is strongly lacunary T-convergent to L.

Proof. Let x,, — L[Z}]. Then, there exists a set M = {m; < my < --- < my < ---} C N such that for the set
M ={reN:myel.} e F(Z)(ie.H=N\M € I)and for every ¢ > 0 thereis a ry = ro(¢) € N such that for all
r > ro we have

1
e > |wm, — LI <&, (reM).
kel,
Then,
1
Ae) = {TGN: " > [@m, — I Zs} CHU{1,2,--- ,ro}.

" kel
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Since 7 is an admissible ideal, we have
HU{1,2,--- 1o} €T

and so A(e) € Z. Hence, x,, — L[Zy]. O

Theorem 2.3. Let T be a admissible ideal with property (AP). If (x,,) is strongly lacunary I-convergent to L, then it is
strongly lacunary T*-convergent to L.

Proof. Assume that z,, — L[Zy]. Then, for every ¢ > 0,

T(e):{reN:hlecn—Mzs}eI.

Put

Tl{TGN}ijnL|21} andTp{TEN:;S}ijTLL|<1}’

r nel,

for p > 2and p € N. Itis clear that 7; N T; = () for i # j and T; € T for each ¢ € N. By property (AP) there is a
sequence {V}, },en such that T;AV; is a finite set for each j € N and

V:fjvjez.

Jj=1

We prove that,

1
for M’ = N\V € F(ZI). Let § > 0 be given. Choose ¢ € N such that p < 0. Then,

1 ot
{reN:h_an—L>5}cHTj.

" nel,

Since T;AVj is a finite set for j € {1,2,--- , ¢ — 1}, there exists ry € N such that

q—1 qg—1
UTj N{reN:r>nr}= UVJ N{reN:r>nr}.
Jj=1 j=1

If r > rgand r ¢ V, then

qg—1 q—1
ré¢ UVj and so r ¢ UTJ
j=1 j=1

We have 1 )
nel,
This implies that
. 1
(T’GM’) r nel,
Hence, we have x,, — L[Z;]. This completes the proof. O

Definition 2.3. [12]. A sequence () is said to be lacunary Z*-Cauchy sequence if and only if there exists a set
M={m; <mg <---<my <---} CNsuch that for the set M/ = {r e N: my, € I.} € F(Z) we have

1
lim — Z (Tmy, — Tm,) = 0.

r—00 hr
(T‘E]W ) k,pel,
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Definition 2.4. A sequence (z,,) is said to be strongly lacunary Z*-Cauchy sequence if and only if there exists a set
M={m; <mg <---<my <---} C Nsuch that for theset M’ = {r e N: my, € I,} € F(Z) we have

D e, = om,| =0
(reM’) k,pel,.

Theorem 2.4. If the sequence (x,,) is strongly lacunary T*-Cauchy sequence, then (x,,) is lacunary T*-Cauchy sequence.
Proof. Suppose that (z,) is strongly lacunary Z*-Cauchy sequence. Then, for every ¢ > 0, there exists a set
M={m; <mg <---<my <---} C Nsuch that for theset M’ = {r e N: my, € I,.} € F(I)
1 /!
— Z | T, — Tm, | <&, (reM)
" kpel,

for every e > 0 and all » > ry = (). Then, we have

hi Z (Tmy — Zm,)| < hi Z |Zmy, — Tm,

" k,pel, " k,pel,
< g (reM)
for every e > 0 and all 7 > ry = r¢(¢) and so (x,,) is lacunary Z*-Cauchy sequence. O

Theorem 2.5. If the sequence (x,) is strongly lacunary T*-Cauchy sequence, then (x,,) is strongly lacunary Z-Cauchy
sequernce.

Proof. Suppose that (z,,) is strongly lacunary Z*-Cauchy sequence. Then, for every ¢ > 0, there exists a set
M ={m; <mg <---<my <---} C Nsuch that for theset M' = {r e N:my, € .} € F(I)
1 !/
— Z [Ty, — Zm, | <&, (re M)
r k,p€l,
forevery e > 0and all r > ro = r¢(g). Let N = N(¢) € I,,41. Then, for every ¢ > 0 and all » > r¢o = r¢(e)
1
W Z |Tm, —zN| <e, (reM).
" kel

Now, let H = N\ M. Ttis clear that H € Z. Then,

1
A(é?){TENZhZh:nxN|25}CHU{1a2a"'7TO}'

r nel,

Since 7 is an admissible ideal, we have
HuU{1,2,--- 1m0} €T

and so A(e) € Z. Hence, (z,,) is strongly lacunary Z-Cauchy sequence. O

Theorem 2.6. If T admissible ideal with property (AP). The sequence (x,,) is strongly lacunary Z-Cauchy sequence, then
(xy,) is strongly lacunary T*-Cauchy sequence.

Proof. Assume that (z,,) is strongly lacunary Z-Cauchy sequence. Then, for every ¢ > 0 there exists an N = N (¢)

such that
1
A(s)_{reN:hZ |zn—a:Nza}eI.

r nel,
Let

1 1 )
B:{TENMZ |x7l_$77li|2i}5 Z:1727"'7

nel,
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where m; = N <1) It is clear that P; € F(Z) fori = 1,2,---. Since Z has the (AP) property, then by Lemma 1.1
i

there exists a set P C N such that P € F(Z) and P \ P, is finite for all .. Now, we show that

. 1
rll>n<}o hi § |$n - l‘m‘ =0.
(repP) r n,mel,

2
To prove this let e > 0, j € N such that j > - If r € P then P\ P, is a finite set, so there exists 7y = 7(j) such that
r € Pj for all r > ry(j). Therefore, for all r > 74(j)

—Z|xn xm1\<fand—2\xm me|<
T nel, " mel,
Hence, for all 7 > r((j) it follows that

1

hi Z |xn - l‘m = h Z |In $7n]| + Z |xm xm;
" n,mel, nel, " mel,
1 1
< -+ =<e
J J

Thus, for any ¢ > 0 there exists 79 = 7(¢) such that for all > ry(¢) and r € P € F(I)
1
7w Z [T — x| < €.
r n,mel,
This shows that the sequence (x,,) is strongly lacunary Z*-Cauchy sequence. O
Theorem 2.7. If a sequence (x,) is strongly lacunary Z*-convergent to L, then (xy,) is strongly lacunary Z-Cauchy sequence.

Proof. Let z,, — L[Z}]. Then, there exists aset M = {my; < mg < --- <my < ---} C N, M € F(Z) such that for the
set M' ={r e N:my, € I,} € F(Z) we have

It shows that there exists 7o = ro(¢) such that

—Z|xmk— 7, (reM)

" kel,

for every e > 0 and all r > ry. Since

Fl=
M
)
5
H
el
IA

= Z |Zm, — L|+— > fam, -

k.pEl, " kel, " pel,

+5=c (reM)

N ™

for all » > rg, so we have

1
Jim, = Y fom = 2m, | =0
(reM") " k,pel,

ie., (z,) is a strongly lacunary Z*-Cauchy sequence. Then, by Theorem 2.5 (x,,) is a strongly lacunary Z-Cauchy
sequence. 0

Conclusions and future work

We investigated the concepts of strongly lacunary Z*-convergence and strongly lacunary Z*-Cauchy sequence.
These concepts can also be studied for the double sequence in the future.



26 N. Akin, E. Diindar

Article Information

Acknowledgements: The authors are grateful to the referees for their careful reading of this manuscript and
several valuable suggestions which improved the quality of the article.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and
approved the final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is
published under the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organi-
zations for this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study,
scientific and ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of data and materials: Not applicable.

References
[1] Fast, H.: Sur la convergence statistique. Colloquium Mathematicum. 2, 241-244 (1951).

[2] Schoenberg, 1].: The integrability of certain functions and related summability methods. The American Mathematical
Monthly. 66, 361-375 (1959).

[3] Kostyrko, P, Salat T., Wilczyniski, W.: Z-convergence. Real Analysis Exchange. 26(2), 669-686 (2000).

[4] Nabiev, A., Pehlivan, S., Giirdal, M.: On Z-Cauchy sequence. Taiwanese Journal of Mathematics. 11(2), 569-576
(2007).

[5] Das, P, Savas, E., Ghosal, S. Kr.: On generalized of certain summability methods using ideals. Applied Mathematics
Letters. 36, 1509-1514 (2011).

[6] Yamanci, U., Giirdal, M.: On lacunary ideal convergence in random n-normed space, Journal of Mathematics. 2013,
Article ID 868457, 8 pages, (2013).

[71 Debnath, P.: Lacunary ideal convergence in intuitionistic fuzzy normed linear spaces, Computers & Mathematics
with Applications. 63, 708-715 (2012).

[8] Tripathy, B.C., Hazarika, B., Choudhary, B.: Lacunary Z-convergent sequences. Kyungpook Mathematical Journal.
52, 473-482 (2012).

[9] Nabiev, A., Savas, E., Glirdal, M.: Statistically localized sequences in metric spaces. Journal of Applied Analysis &
Computation. 9(2), 739-746 (2019).

[10] Sahiner, A., Glirdal. M., Yigit, T.: Ideal convergence characterization of the completion of linear n-normed spaces.
Computers & Mathematics with Applications. 61(3), 683-689 (2011).

[11] Savas, E., Glirdal, M.: Z-statistical convergence in probabilistic normed spaces. Bucharest Scientific Bulletin Series A
Applied Mathematics and Physics. 77(4), 195-204 (2015).

[12] Ak, P.N,, Diindar, E., Yalvag, S.: Lacunary Z*-convergence and lacunary *-Cauchy sequence. (in review).

[13] Diindar, E., Altay, B.: Zy-convergence and Z,-Cauchy of double sequences. Acta Mathematica Scientia. 34B(2),
343-353 (2014).

[14] Diindar, E., Altay B.: On some properties of Zy-convergence and Zo-Cauchy of double sequences. General Mathematics
Notes. 7(1), 1-12 (2011).



Strongly lacunary Z*-convergence and strongly lacunary Z*-Cauchy sequence 27

[15] Diindar, E., Ulusu, U., Pancaroglu, N.: Strongly Ty-lacunary convergence and Zs-lacunary Cauchy double sequences
of sets. The Aligarh Bulletin Of Mathematics. 35(1-2), 1-5 (2016).

[16] Diindar, E., Ulusu, U.: On Rough T-convergence and Z-Cauchy sequence for functions defined on amenable semigroup.
Universal Journal of Mathematics and Applications. 6(2), 86-90 (2023).

[17] Freedman, A. R., Sember, ]. J., Raphael, M.: Some Cesdro type summability spaces. Proceedings of the London
Mathematical Society. 37, 508-520 (1978).

[18] Sever, Y., Ulusu U., Diindar, E.: On strongly Z and Z*-lacunary convergence of sequences of sets. AIP Conference
Proceedings. 1611(357), 7 pages, (2014).

[19]1 Ulusu, U., Nuray, F.: On strongly lacunary summability of sequences of sets. Journal of Applied Mathematics &
Bioinformatics. 3(3), 75-88 (2013).

[20] Ulusu, U., Dindar, E: Z-lacunary statistical convergence of sequences of sets. Filomat, 28(8), 1567-1574 (2014).

[21] Ulusu, U., Nuray, F,, Dtindar, E.: Z-limit and Z-cluster points for functions defined on amenable semigroups. Funda-
mental Journal of Mathematics and Applications. 4(2), 45-48 (2021).

Affiliations

NIMET AKIN

ADDRESS: Afyon Kocatepe University, Afyonkarahisar-Turkey.
E-MAIL: npancaroglu@aku.edu.tr

ORCID ID:0000-0003-2886-3679

ERDINC DUNDAR

ADDRESS: Afyon Kocatepe University, Afyonkarahisar-Turkey.
E-MAIL: edundar@aku.edu.tr

ORCID ID:0000-0002-0545-7486



	Introduction and definitions
	Main results

