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Z,-LACUNARY STATISTICAL CONVERGENCE OF DOUBLE
SEQUENCES OF SETS

ERDINC DUNDAR, UGUR ULUSU AND BUNYAMIN AYDIN

ABSTRACT. In this paper, we introduce the concepts of the Wijsman Zs-
statistical convergence, Wijsman Zz-lacunary statistical convergence and Wijs-
man strongly Zo-lacunary convergence of double sequences of sets and inves-
tigate the relationship between them.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

The concept of convergence of a sequence of real numbers has been extended to
statistical convergence independently by Fast [8] and Schoenberg [20]. This concept
was extended to the double sequences by Mursaleen and Edely [12].

The idea of Z-convergence was introduced by Kostyrko et al. [11] as a genera-
lization of statistical convergence which is based on the structure of the ideal 7
of subset of the set of natural numbers N. Nuray and Ruckle [14] indepedently
introduced the same with another name generalized statistical convergence. Das
et al. [5] introduced new notions, namely Z-statistical convergence and Z-lacunary
statistical convergence by using ideal. Also, Das et al. [6] introduced the concept of
T-convergence of double sequences in a metric space and studied some properties
of this convergence.

The concept of convergence of number sequences has been extended by several
authors to convergence of sequences of sets. The one of these such extensions
considered in this paper is the concept of Wijsman convergence (see, [2,4,26,27]).
Nuray and Rhoades [13] extended the notion of convergence of set sequences to
statistical convergence and gave some basic theorems. Ulusu and Nuray [25] defined
the Wijsman lacunary statistical convergence of sequence of sets and considered its
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relation with Wijsman statistical convergence which was defined by Nuray and
Rhoades.

Kisi and Nuray [10] introduced a new convergence notion, for sequences of sets,
which is called Wijsman Z-convergence. Ulusu and Diindar [24] studied the concepts
of Wijsman Z-statistical convergence, Wijsman Z-lacunary statistical convergence
and Wijsman strongly Z-lacunary convergence of sequences of sets. The concepts
of convergence, statistical convergence and ideal convergence of double sequences
of sets were studied by Nuray et. al [15-18].

Now, we recall the basic definitions and concepts (See [1-4,6,7,9,11,15-19,21—
23]).

Let (X, p) be a metric space. For any point € X and any non-empty subset A
of X, we define the distance from x to A by

d(z,A) = inf .
(z,4) = inf p(z,a)
Definition 1.1. Let (X, p) be a metric space and A, Ax be any non-empty closed
subsets of X. A sequence {Ay} is Wijsman convergent to A if
lim d(z, Ag) = d(z, A),
k—o0
for each x € X. In this case, we write W — lim A, = A.

Throughout the paper, we let (X, p) be a metric space and A, Aj; be any non-
empty closed subsets of X.

Definition 1.2. A double sequence {Ay;} is Wijsman convergent to A if
P— lim d(z,Ag;) =d(z,A) or lim d(z,Ay;) = d(z, A),
k,j—o00 k,j—o0

for each z € X. In this case, we write Wy — lim Ay; = A.

Definition 1.3. A double sequence {Ay;} is Wijsman statistically convergent to
A if for every € > 0 and for each x € X,

. 1
lim —
m,n—o0 MmN

‘{k <m,j <n:ld(z, Ay) — d(z, A)] > s}( —0,
that is,

|d(z, Akj) —d(z, A)| <e, aa. (kj).
In this case, we write sty — limyy Ay = A.

If a double sequence of sets {Ay;} is Wijsman statistically convergent to the set
A, then {Aj;} need not be convergent. Also, it is not necessary be bounded.

Example 1.1. Let X = R? and a double sequence {Ag;} be following sequence:

A — {(z,y) eR?*: (= 1)+ (y—1)2=kj} , ifkandjis a square integer
ki {(2,2)} , otherwise.

This double sequence is Wijsman statistically convergent to the set A = {(2, 2)}
but it is neither Wijsman convergent nor bounded.

The double sequence § = {(k,, js)} is called double lacunary sequence if there
exist two increasing sequence of integers such that

ko=0, h.=k.—k._1 — 00 and jo =0, Eu:jufju_lﬁoo as r,u — 00.
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We use following notations in the sequel:

kru = kr.j'm h'ru - hrhuy Iru — {(k7]> : k/’rfl <k S kr and jufl < .7 S ju}y

” Ju
qr = B and q, = = .
r—1 Ju—1

Definition 1.4. Let 6 be a double lacunary sequence. A double sequence {Ay;} is
Wijsman strongly lacunary convergent to A if for each = € X,

Ky ju
1 J

S>> Jd(e Ay) — d(z, A)| = 0.

k=kr_1+1J7=Ju—1+1

lim =
,U—>00 hr hu

[W2No]

In this case, we write Ay; A.

Definition 1.5. A double sequence {Aj;} is Wijsman lacunary statistically con-
vergent to A, if for every € > 0 and for each x € X,

. 1
lim =
T,U— 00 hrhu

{(55) € Iou  |d(z, Asy) — d(w, 4)| = £}| = 0.
In this case, we write sty — limy, Ay; = A.

A family of sets Z C 2V is called an ideal if and only if
(i) 0 € Z, (i) For each A, B € T we have AU B € T, (iii) For each A € 7 and
each B C A we have B T.

An ideal is called non-trivial if N ¢ Z and non-trivial ideal is called admissible if
{n} € T for each n € N.

Throughout the paper we take 7, as an admissible ideal in N x N.

A non-trivial ideal Z of N x N is called strongly admissible if {i} x N and N x {7}
belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Let Z§ = {A C NxN: (Im(A) € N)(i,j > m(A) = (i,7) ¢ A)}. Then, ZJ is an
strongly admissible ideal and clearly an ideal Z, is strongly admissible if and only
if 1'20 C L.

An admissible ideal Z, C 2M*N satisfies the property (AP2) if for every countable
family of mutually disjoint sets { Ay, As, ...} belonging to Z,, there exists a countable
family of sets {Bi, Ba, ...} such that A;AB; € I3, i.e., AjAB; is included in the
finite union of rows and columns in N x N for each j € N and B = U;’il B; €I,
(hence B; € Z, for each j € N).

A family of sets F' C 2V is called a filter if and only if
(1) 0 ¢ F, (it) For each A, B € F we have AN B € F, (iii) For each A € F and
each B D A we have B ¢ F.

7 is a non-trivial ideal in N if and only if
F(I) = {M CN:(BAe)(M = N\A)}
is a filter in N.

Throughout the paper, we let Zo € 2¥%N be a strongly admissible ideal.



4 ERDINC DUNDAR, UGUR ULUSU AND BUNYAMIN AYDIN

Definition 1.6. A double sequence {Ay;} is Zw,-convergent to A, if for every
€ > 0 and for each z € X,

{(k,j) e NxN:|d(x, Ax;) — d(z, A)| > €} € T,.

In this case, we write Zy, — lim A; = A.
k,j—00

2. MAIN RESULTS

In this section, we define the concepts of Wijsman Z,-statistical convergence,
Wijsman Zs-lacunary statistical convergence and Wijsman strongly Zs-lacunary
convergence of double sequences of sets and investigate the relationship between
them.

Definition 2.1. A double sequence {Ay;} is Wijsman Z,-statistical convergent to
A or S (Zw, )-convergent to A if for every € > 0, 6 > 0 and for each z € X

{(m,n) eNxN:i‘{kgm,j <n:ld(z, Ary) — d(z, A)| zg}’ >5} € L.
mn

In this case, we write Ax; — A (S (Zwy,)) .

The set of Wijsman Z,-statistical convergent double sequences will be denoted

Definition 2.2. Let 6 be a double lacunary sequence. A double sequence {Ay;}
is said to be Wijsman Zy-lacunary convergent to A or Ny(Zw,)-convergent to A if
for every € > 0 and for each x € X,

1
(r,u)eNxN;\f ST dle, Agy) - d(w, A)| 2 < b € T,

T (kyg) €l
In this case, we write Ag; — A (Ng (Zw,)) -
Definition 2.3. Let 6 be a double lacunary sequence. A double sequence {Ay;}

is said to be Wijsman strongly Z»-lacunary convergent to A or Ny[Zy,|-convergent
to A if for every € > 0 and for each x € X,

1
(r,u) e Nx N: = > ld(w, Agj) — d(x, A)| > € p €T,
T (Kyg) €
In this case, we write Ax; — A (Np [Zw,]) -

The set of Wijsman strongly Zs-lacunary convergent double sequences will be
denoted by {Ny [Zw,] }.

Definition 2.4. Let 6 be a double lacunary sequence. A double sequence {Ay;}
is Wijsman Zp-lacunary statistical convergent to A or Sy (Zw,)-convergent to A if
for every € > 0, 0 > 0 and for each z € X,

1
{(T,U)GNXN:
hyh

Tihu

{(k,) € Lo : |d(z, Agy) — d(z, A)| > 5}\ > 5} €T

In this case, we write Ax; = A (Sy (Zw,)) -

The set of Wijsman Zs-lacunary statistical convergent double sequences will be
denoted by {Ss (Zw,) }.
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Theorem 2.1. Let 6 be a double lacunary sequence. Then,
Akj — A(NQ[IWQ]) = Akj — A(S@(IWQ))
Proof. Let Ap; — A(Ny[Zw:.

2
> ld(z, Agj) —d(z, A)] = > |d(z, Ag;) — d(z, A)|

(kyj) €L (k,j)EX

|d(z,Ak;)—d(z,A)|>e

]) and € > 0. Then, for each x € X we can write

> 5.|{(k7j) € Ly : |d(z, Agy) — d(z, A)| > 5}|
and so
1 1 .
T |d(z, Ag;) — d(z, A)| > e |{(k,j) € Iy ¢ |d(z, Agj) — d(z, A)| > 5}|

T (kyj) €l

Hence, for each z € X and for any § > 0,

1
{(T,u) eNxN: T |{(k,j) € Iy ¢ |d(z, Agy) — d(z, A)| > s}‘ > 5}
1
C(ru) e NxN:— > |d(z, Ag;) —d(z,A)| > -6 € Io.
hehoy (k)€
This proof is completed. O

Definition 2.5. A double sequence {Ay;} is said to be bounded if

supd(z, Ag;) < 00,
k.j

for each z € X.
The set of all bounded double sequences of sets will be denoted by L2 .
Theorem 2.2. Let 0 be a double lacunary sequence. Then, {Ay;} € L2, and
Ag; = A(Se(Iw,)) = Akj = A(Ng[Zws,]).

Proof. Suppose that Ax; — A(Sp(Zw,)) and Ag; € L2. Then, for each z € X
there exists an M > 0 such that

|d($, Akj) - d(ZIJ, A)| <M
for all k,j € N. Given € > 0, for each € X we have

1
" D ld(@, Axy) — d(z, A))|
riu (kvj)elru
1
= 7 > |d(z, Agj) — d(z, A)|
e (ksj)Elry
‘d(I»Akg)*d(maAHZ%
1
+— > |d(x, Ay;) — d(z, A)|
By ;
(k,j)EILw
|d(szk_7')7d(zfA)|<%
M € €
< — ] : ) — > — —.
< o {(k,9) € Iru : dlw, Arj) = dw, )] = S} + 5
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Hence, for each z € X we get

1
(ryu) e NXN:— > |d(z, Agj) —d(z, A)| > ¢
hoeho (kj)el,.
1 € €
- = ] : i) — >3 > — .
< {ov s o [{ ) € T o Ag) - o ) 2 5} 2 557 < 7
This proof is completed. O

We have the following Corollary by Theorem 2.1 and Theorem 2.2.

Corollary 2.1. Let 0 be a double lacunary sequence. Then,
{So(Zw,)} N L2, = {No[Tw,]} N LZ,.

Theorem 2.3. Let 6 be a double lacunary sequence. If liminf,q. > 1 and
liminf, g, > 1, then Ag; — A(S(Zw,)) implies Ag; — A(So(Zws,))-

Proof. Assume that liminf, ¢, > 1 and liminf, ¢, > 1, then there exist A\, > 0
such that
G->14+X and q,>1+p
for sufficiently large r, uw which implies that
Byl S AL
kro — 1+ X1 +p)

If Ay; = A(S(Zw,), then for every € > 0, for each 2 € X and for sufficiently large
r,u, we have

| < b < Vs Aag) = de, )] > 6}

>
kTU

{(59) € T = |d(z, Agg) — d(, 4)] > €}

(1 +AA)?1 ) (hlh (k) € Iru - ld(@, Ayj) — d(x, A)] 2 €}D :

Hence, for each z € X and for any § > 0 we have

1
{(r,u)eNxN: —
h.h

ritu

{(5,5) € Lou: 1d(, Agy) — (i, )| = £} = 5}

{0 < by < s Arg) = dlo A)| 2 )] 2 iy | € T

1
C :
- {(“ R
Therefore, Ax; = A(So(Zw,)). O

Theorem 2.4. Let 0 be a double lacunary sequence. If limsup, ¢ < oo and
limsup, ¢, < oo then, Ag; — A(Se(Zw,)) implies Ar; — A(S(Zw,)).

Proof. If limsup, ¢, < oo and limsup, ¢, < oo, then there is an M, N > 0 such
that ¢ < M and ¢, < N, for all ,u. Suppose that Ax; — A(Se(Zw,)) and let

Upa = U(r,u, ) = ‘{(k,j) € Iy : d(z, Agy) — d(, A)| > g}‘.
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Since Ag; — A(Se(Zw,)), it follows that for every e > 0,6 > 0 and for each = € X,

1
{(T,u)ENXN: —
hyh

rtu

{(kvj) €Iy |d(-T7Ak]) — d(x,A)| > 5}‘ > 5}

U,
:{(nu)ENXN: = >5}€Ig.
hyhe,
Hence, we can choose a positive integers 7y, ug € N such that

U,
=<6, for all ¥ > 7, u > ug.

Titu

Now, let

K::maX{Um 1< r <l Suguo}
and let ¢ and v be any integers satisfying k.1 <t < k, and j,—1 < v < j,. Then,
for each x € X we have

1
%‘{k <t j<wv:l|d(z, Ay;) —d(z,A)| > 5}‘

1
< [l < ke d < s (e, Arg) — d(, A)| = 2}
kr—l]u—l
1
= ; (U1 + Uz + Us1 + Usg + -+ + Upgug + -+ + Uy
r—1lJu—1
K 1 7 Uro,u +1 - U +1,u,
< ———— -roup + , o Mg+l — =+ By 1 gy —
T ke 1Ju 070 kr 1ju—1 ( oot Ryg g +1 o+l Ohr0+1huo
- U,
+ hyhy ——
hrhu>

ToUg - K + 1
- - Sup —=
kr—1Ju—1 kr_1ju—1 | r>ro hyhy,

u>ug

IN

(h‘TOEuo+1 + hro+1ﬁuo +o hrﬁu)

roo - K (k= k) G = i)

< - :
kr—lju—l kr—l]u—l
roug - K roug « K

<t g qu S o Fe M- N.
kr—lju—l kr—l]u—l

Since k,_1j,_1 — 00 as t,v — oo, it follows that
%‘{k <tj<uv:ld@, Ap) — d(z, A)| > g}’ =0
and consequently for any d; > 0, the set
{(t.0) eNxN: %sz << v (e, Ag) —d(e, ) > e} 25} € T,
This shows that Ag; — A(S(Zw,)). O
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Theorem 2.5. Let 6 be a double lacunary sequence. If

1 <liminfgq, <limsupgq. < oo and 1 < liminfg, <limsupgq, < oo,
T r u u

then {SQ(IW2)} = {S(IW2)}
Proof. This follows from Theorem 2.3 and Theorem 2.4. [
Theorem 2.6. Let Iy, C 2Y<N be o strongly admissible ideal satisfying property
(AP2) and 0 € F(Zy). If {Ar;} € {S(@w,)} N {So(Zw,)}, then

S(IWQ) - lirnAkj = S@(IW2) - hmAk]
Proof. Assume that S(Zw,) —lim Ag; = A and S¢(Zw,) —lim Ax; = B and A # B.
Let )

0<e< §|d(x,A) — d(z, B)|

for each z € X. Since 7, satisfies the property (AP2), there exists M € F(Z2) (i.e.,
N x N\M € I,) such that for each € X and for (m,n) € M,

. 1
lim —
m,n—o0 MmN

‘{k <m,j<n:|d(z,Ayj) —d(z, A)| > 5}‘ =0.

Let

P={k<m,j<n:l|d(z, A;) —d(z,A) > €|}
and

R={k<m,j<n:|d(z, Ax;) —d(z,B)| > ¢€}.
Then, mn = |P U R| < |P| + |R|. This implies that

Pl |R|
1< — +—.
mn  mn
Since
R P
ugl and  lim u:O,
mn m,n—oc0 MN
so we must have
. |R]
Iim — =1.

m,n—o00 MmN

Let M* = M N6 € F(Zy). Then, for each x € X and for (k;,j;) € M* the k;jsth
term of the statistical limit expression

1
— k<L i <n:|d(x,Ax;) — d(z, B)| >
(k< m,j < 0, Ayg) — d(z, B)| 2 e}

is

It
%jt {(k‘,j) € TUL_Jl 1Im s |d(z, Ag;) — d(z, B)| > E}|
1 1t B
(21) = BT Z Vpo P Py,
S hphy e=b1
rau=1,1
where

{(k,5) € Iy : |d(z, Agy) — d(z, B)| > g}\ EENY)
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because Ay; — B(S¢(Zw,)). Since § is a double lacunary sequence, (2.1) is a
regular weighted mean transform of v,.,,’s and therefore it is also Zs-convergent to 0
as [, — oo, and so it has a subsequence which is convergent to 0 since Z, satisfies
property (AP2). But since this is a subsequence of

1
{|{k‘§m,j§n:|d(m,Akj)—d(x,B)|25}|} )
mn (m,n)eM

we infer that

1
{omal U e < o ug) = dGo B 2 €)1}
mn (m,n)eM

is not convergent to 1. This is a contradiction. Hence, the proof is completed. [
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