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WIJSMAN ASYMPTOTICAL Z,-STATISTICALLY EQUIVALENT
DOUBLE SET SEQUENCES OF ORDER 7

UGUR ULUSU AND ESRA GULLE

ABSTRACT. In this study, we present notions of Wijsman asymptotical Za-
statistically equivalence of order n, Wijsman asymptotical Z2-Cesaro equiva-
lence of order n and Wijsman asymptotical strongly p — Zs-Cesaro equivalence
of order 7 for double set sequences where 0 < n < 1. Also, we investigate some
properties of these notions and some relationships between them.

1. INTRODUCTION

Pringshiem [I] introduced the notion of convergence for double sequences. Then,
Mursaleen and Edely [2] studied the notion of statistical convergence. After that,
Das et al. [3] studied the notion of Z-convergence for double sequences. Recently,
Bhunia et al. [4], Colak and Altin [5], Savag [6] and Altin et al. [7] presented various
type of convergence of order « for double sequences.

Patterson [8] introduced the notion of asymptotical equivalence for double se-
quences. After that, the notions of asymptotical Cesaro equivalence, asymptotical
T-equivalence and asymptotical statistically equivalence for double sequences were
studied by Kavita et al. [9], Hazarika and Kumar [I0] and Esi and Agkgoz [11],
respectively.

To date, a variety of convergence types for set sequences have been studied by
several authors. In this study, the notion of Wijsman convergence which is one
of these types is handled (see, [12, 13|, [14]). Several authors extended the notion
of Wijsman convergence to the new notions for double set sequences via using
the notions of statistical convergence, Z-convergence and Cesaro summability (see,
115, 16, (17, [18} (19, 20]).

The notions of asymptotical equivalence in Wijsman sense for double set se-
quences were presented by Nuray et al. [2I]. Also, the notions of Wijsman asymp-
totical Zo-statistically equivalence and Wijsman asymptotical Zo-Cesaro equivalence
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for double set sequences were introduced in [22] and [23], respectively. Lately, new
notions of asymptotical equivalence of order « for double set sequences were studied
by Giille [24].

More study on the concepts of convergence or asymptotical equivalence for real
sequences or set sequences can be found in [25] 26} 27, 28] 29, B0}, BT, 82} 33|, 341 [35].

2. DEFINITIONS AND NOTATIONS

The fundamental definitions and notations required for this study are following.
(see, [T [3] 8] 12}, 13 (14, 21, 22, 23] 25]).

A double sequence (z;;) is convergent to L if for € > 0, there exists a number
N, € N such that |z;; — L| < ¢ for 4,j > N..

A family of sets Z C 2N is said to be ideal if

)0eZ,2)For E,FeI, EUFeT,3)Fo EcTand FCE, FeT.

An ideal Z C 2N is said to be non trivial if N ¢ 7 and a non trivial ideal Z C 2N
is said to be admissible if {j} € Z for j € N.

A non trivial ideal Z, C 2N is said to be strongly admissible if {j} x N and
N x {j} belong to Z, for j € N.

Obviously any strongly admissible ideal is admissible.

Throughout the study, Z, C 2¥*N will be taken as strongly admissible ideal.

Two non negative double sequences (z;;) and (y;;) are said to be asymptotical
equivalent if

Let X be any non empty set. A function f : N — 2% is defined by f(n) = U, €
2% for each n € N, where 2% is power set of X. The sequence {U,} = (U, Us,...),
which is the range’s elements of f, is said to be set sequences.

Let (X, p) be a metric space. For any point € X and any non empty subset U
of X, distance from z to U is defined by

wa,U) = inf p(z, ).
A double sequence {U;;} is Wijsman convergent to U if for each z € X,
lim p(z,Usj) = p(z,U).
1,j—00

Throughout the study, we will take (X, p) as metric space and U;;, V;; as any
non empty closed subsets of X.
The term 1, (U;j, Vij) is defined as follows:

w(z, Uiz)

a‘/i' ’
1, (Ui, Vig) = {1 Vi)
L

x & U UV

N J,‘EUZ']‘UVU.
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Double sequences {U;;} and {Vj;} are Wijsman asymptotical equivalent if for
each ¢ € X,
lim /-’L:I;(U'l'j7‘/ij) =1.

1,]—00

Double sequences {U;;} and {V;;} are Wijsman asymptotical Zy-equivalent of
multiple L if for each x € X and € > 0,

{(i,j) eNxN: |p, (Ui, Vij) — L| > 5} € Tp.

Double sequences {U;;} and {V;;} are Wijsman asymptotical Z-statistically
equivalent of multiple L if for each x € X and ¢, § > 0,

{(m,n)ENxN:

mn

The set of Wijsman asymptotical Z,-statistically equivalent double sequences is
denoted by S(Zi,).

Double sequences {U;;} and {Vj;} are Wijsman asymptotical strongly p — Z,-
Cesaro equivalent of multiple L if for each x € X and ¢ > 0,

1 m,n
NxN:— U;;j,Vij) — LI > T
{(m,n) €N x mn Z |12 (Uij, Vig) | 5} € 1o

k,j=1,1

where 0 < p < o0.
The set of Wijsman asymptotical strongly p — Z>-Cesaro equivalent double se-
quences is denoted by C[Z{;, ]7.

3. NEwW NOTIONS

In this section, we present notions of Wijsman asymptotical Z-statistically
equivalence of order n, Wijsman asymptotical Zo-Cesaro equivalence of order n
and Wijsman asymptotical strongly p — Zs-Cesaro equivalence of order 7 for double
set sequences.

Definition 1. Let 0 < n < 1. Double sequences {U;;} and {Vi;} are Wijsman
asymptotical Ts-statistically equivalent to multiple L of order n if for each x € X
and e, 6 >0,

1
{(m,n) ENXN: (i) 11 Sm.j < n, |y (Ui, Vi) — Ll 2 ¢} 25} €T,

(mn)

. 7y (1) . . , o
and we write Uy ~ """ Vi, and simply Wijsman asymptotical Iy-statistically
equivalent of orderm if L =1.

The class of Wijsman asymptotical Zy-statistically equivalent to multiple L of
order 1 double sequences will be denoted by Z3V (S7).
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Example 2. Let X = R? and double sequences {U;;} and {V;;} be defined as
following:

{ R2: z2 ijg_(ij)Q . 9 d N
U = (x1,22) € .1‘14—(562—5) = } , if ij=c° and c€

{(0,1)} . if not.
and

.. .2

Vi = {(xl,x2)6R2:x%+(x2+%)2= (Zi) b, if ij=c® and ceN
ij =

{(0,1)} , if not.

If we take Iy = IQf, (I{ is the class of finite subsets of N x N), then the double
sequences {U;;} and {V;;} are Wijsman asymptotical Zs-statistically equivalent of
order n.

Remark 3. For n =1, the notion of Wijsman asymptotical Ls-statistically equiv-
alence to multiple L of order n coincides with the notion of Wijsman asymptotical
T -statistically equivalence of multiple L for double set sequences in [22].

Definition 4. Let 0 < n < 1. Double sequences {U;;} and {Vi;} are Wijsman
asymptotical Io-Cesaro equivalent to multiple L of order n if for each x € X and
e >0,

m,n

> (Ui, Vig) = L’ > s} e,

ij=1,1

{(m,n) eNxN: ()7

IW Cn
and we write U; 2 (O10) Vij, and simply Wijsman asymptotical Io-Cesaro equiva-

lent of order n if L = 1.

Definition 5. Let 0 <7 <1 and 0 < p < co. Double sequences {U;;} and {Vj;}
are Wigsman asymptotical strongly p — Zo-Cesaro equivalent to multiple L of order
n if for each x € X and € > 0,

1 m,n .
{(m7n) €eNxN: (mn)n Z "U’QZ(U'LH‘/H) - L’ > 5} S I2
3,j=1,1
. 7y [c])P . . 4
and we write Uy ~" Vij, and simply Wijsman asymptotical strongly p — Z-
Cesaro equivalent of order n if L = 1.

The class of Wijsman asymptotical strongly p — Z5-Cesaro equivalent to multiple
L of order 7 double sequences will be denoted by Z" [C]]?.

If p = 1, then the double sequences {U;;} and {V;;} are Wijsman asymptotical
v[cy

strongly Z»-Cesaro equivalent to multiple L of order n and we write U;; 2 [01] Vi

and simply Wijsman asymptotical strongly Z,-Cesaro equivalent of order n if L = 1.
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Example 6. Let X = R? and double sequences {U;;} and {V;;} be defined as
following:

1
{(xl,arg)eRzz(xl—i—Q)z—l-x%:ifj} , if ij=c®and ceN

Uij =
{(-1,1)} , if not.
and
1
{(z1,22) ER?*: (z1 —2)?+23 ==} , if ij=c* and ceN
Vi = i

{(-1,1)} , if not.

If we take T, = T4, then the double sequences {Ui;} and {Vi;} are Wijsman
asymptotical strongly Ts-Cesaro equivalent of order 7).

Remark 7. Forn =1, the notions of Wijsman asymptotical Is-Cesaro equivalence
to multiple L of order n and Wijsman asymptotical strongly Z-Cesaro equivalence to
multiple L of order n coincide with the notions of Wijsman asymptotical Zs-Cesaro
equivalence of multiple L and Wijsman asymptotical strongly Is-Cesaro equivalence
of multiple L for double set sequences in [23], respectively.

4. INCLUSIONS THEOREMS

In this section, we investigate some properties of the new asymptotical equiva-
lence notions that introduced in Section 3 and some relationships between them.

Theorem 8. If 0<n <~y <1, then ZJ' (S7) C I}V (S7).

vV (s}
Proof. Suppose that 0 <n <y <1 and Uy 2 () Vij. For each x € X and € > 0,

1 .. . .
W’{(%J) i <m,j <n, |, (Ui, Vig) — L| > E}‘

{G.d) s i < maj <y (U3 Vi) = L > 2}

and so for § > 0,

1
{lomm) e NN {60 6 < <l (U Vi) — 21 2 2} 2 6
1
< {(”%n) € NxN: W‘{(i»j) pi<m,j <n, |p, (Ui, Vi) — L = E}‘ > 5}.
Consequently, by our assumption, we get Z3" (S7) C 7,V (S7). O

If we take v = 1 in Theorem [8) we obtain the following;:
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Corollary 9. If double sequences {U,;} and {V;;} are Wijsman asymptotical I-sta-
tistically equivalent to multiple L of order n, then the double sequences are Wijsman
asymptotical Iy-statistically equivalent of multiple L, i.e., TV (S]) C S(I&VQ).

Theorem 10. If 0<n<~v<1and0<p < oo, then I}V [C]]P C T}V [C]P.

Ycr

Proof. Suppose that 0 < <y <1landU; -~~~ V. Foreachz € X,
1 m,n m,n
(U, Vi) — LIP < (Ui, Vi) = LIP
(mn),\/ i7;71 ‘Mm( J J) ’ — (mn)” i7;71 |:ux( J J) ’

and so for £ > 0,

1 m,n
{(m,n) € NxN: (mn)" Z |1 (Uij, Vij) = LI = 8}
ij=1,1

1 m,n

Consequently, by our assumption, we get Z3 [C]]P C ZYV[C]]P.

1,j=1,1

If we take v = 1 in Theorem we obtain the following;:

Corollary 11. If double sequences {U;;} and {Vi;} are Wijsman asymptotical
strongly p — Ia-Cesaro equivalent to multiple L of order m, then the double se-
quences are Wigsman asymptotical strongly p — Is-Cesaro equivalent of multiple L,
i.e., Iy [CT]P C C[IVLVQ]p.

Now, we shall give a theorem that gives a relation between Z}V [C]]P and ZJV [C]]4
where 0 <n<land 0 <p < q< 0.

Theorem 12. If 0<n<1and0<p<q< oo, then I3 [C]|9 Cc ZV[C]IP.

TWicmne
Proof. Assume that 0 < p < ¢ < oo and Uj; 2 [0 Vij. For each v € X,
1 m,n m,n
(mn)n Z ‘Mz(Uwa‘/ﬂ) _L’p < (mn)n Z ‘Mz(Uwa‘/ﬂ) _L’q
1,j=1,1 1,j=1,1

and so for £ > 0,

1 m,n
{(m, n) e NxN: (mn)7 > Ui Vig) = L] = 5}

ij=1,1

1 m,n
C {(m,n) eNxN: ()7 Z ‘N’I(Uijy‘/ij) _L’q > g}.

i5=1,1
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VicoP
Hence, by our assumption, we get U;; il V;j. Consequently, Z)V[C]]? C

v2l(of) 1) =

Theorem 13. If double sequences {U;;} and {Vi;} are Wijsman asymptotical
strongly p — Zs-Cesaro equivalent to multiple L of order m, then the double se-
quences are Wijsman asymptotical Iy-statistically to multiple L of order ~ where
0<n<y<1land 0 < p < oo.

Proof. Assume that 0 < n <+ <1 and the double sequences {U;;} and {V;;} are
Wijsman asymptotical strongly p — Zs-Cesaro equivalent to multiple L of order 7.
For each x € X and ¢ > 0,

> e (Uij Vi) = LI” > > |10 (Uijs Vi) = LI
ij=1,1 6j=1,1

|y (Uij,Vig)—L|>e

> e |{(6,5) i <m,j < n, |ug (Ui, Vig) — L| ZE}‘
and so
1 m,n ,
oy 2o eV Vi) — L]
i,j=1,1
1 . . . .
> (mn)n‘{(%]) 11 < m,J < n, ‘:U’z(UZj,V;j) —Ll > 5}‘
1 {(G,5): i <m,j <mn, |ug(Uy Vi,)fL|>€}"
~ (mn)y I = =T 1Be T Vi >

Then for 6 > 0,

1 L . .
{ommy e v i) i< md < () - 21 2 6| 2 0]

1 m,n
< {(m,n)ENXN: (mn)n Z :U‘I(Uijavtij)_L|p>Ep5}'

Consequently, by our assumption, we get that the double sequences {U;;} and {V;; }
are Wijsman asymptotical Zy-statistically equivalent to multiple L of order v. O

4,5=1,1

If we take v = 7 in Theorem we obtain the following:

Corollary 14. If double sequences {U;;} and {Vi;} are Wijsman asymptotical
strongly p — Iy-Cesaro equivalent to multiple L of order m, then the double se-
quences are Wigsman asymptotical To-statistically equivalent to multiple L of order
n where 0 <n <1 and 0 < p < oo.



WIJSMAN ASYMP. Z,-STAT. EQUI. OF ORDER n 861

REFERENCES

Pringsheim, A., Zur theorie der zweifach unendlichen Zahlenfolgen, Math. Ann., 53 (1900),
289-321.

Mursaleen, M., Edely, O.H.H., Statistical convergence of double sequences, J. Math. Anal.
Appl., 288 (2003), 223-231.

Das, P., Kostyrko, P., Wilczynski, W., Malik, P., Z and Z*-convergence of double sequences,
Math. Slovaca, 58(5) (2008), 605-620.

Bhunia, S., Das, P., Pal, S.K., Restricting statistical convergence, Acta Mathematica Hun-
garica, 134(1-2) (2012), 153-161

Colak, R., Altin, Y., Statistical convergence of double sequences of order «, Journal of
Function Spaces and Applications, 2013(Article ID 682823) (2013), 5 pages.

Savag, E., Double almost statistical convergence of order a, Advances in Difference Equations,
2013(62) (2013), 9 pages.

Altin, Y., Qolak, R., Torgut, B., Za(u)-convergence of double sequences of order (a,f),
Georgian Mathematical Journal, 22(2) (2015), 153-158.

Patterson, R.F., Rates of convergence for double sequences, Southeast Asian Bull. Math.,
26(3) (2002), 469-478.

Kavita, K., Sharma, A., Kumar, V., On generelized asymptotically equivalent double se-
quences through (V, A, p)-summability, Acta Universitatis Matthiae Belii, series Mathemat-
ics, 2013 (2013), 9 pages.

Hazarika, B., Kumar, V., On asymptotically double lacunary statistical equivalent sequences
in ideal context, Journal of Inequalities and Applications, 2013(543) (2013), 15 pages.

Esi, A., Agikgoz, M., On Ag-asymptotically double statistical equivalent sequences, Int. J.
Nonlinear Anal. Appl., 5(2) (2014), 16-21.

Baronti, M., Papini, P., Convergence of sequences of sets, In: Methods of Functional Analysis
in Approximation Theory (pp. 133-155), Birkhéuser, Basel, 1986.

Beer, G., Wijsman convergence: A survey, Set-Valued Anal., 2 (1994), 77-94.

Wijsman, R.A., Convergence of sequences of convex sets, cones and functions, Bull. Amer.
Math. Soc., 70 (1964), 186-188.

Nuray, F., Ulusu, U., Diindar, E., Cesaro summability of double sequences of sets, Gen.
Math. Notes, 25(1) (2014), 8-18.

Nuray, F., Diindar, E., Ulusu, U., Wijsman Zs-convergence of double sequences of closed sets,
Pure and Applied Mathematics Letters, 2 (2014) 35-39.

Diindar, E., Ulusu, U., Aydin, B., Za-lacunary statistical convergence of double sequences of
sets, Konuralp Journal of Mathematics, 5(1) (2017), 1-10.

Ulusu, U., Diindar, E., Giille, E., Z3-Cesaro summability of double sequences of sets, Palestine
Journal of Mathematics, 9(1) (2020), 561-568.

Nuray, F., Diindar, E., Ulusu, U., Wijsman statistical convergence of double sequences of
sets, Iran. J. Math. Sci. Inform., (in press).

Ulusu, U., Giille, E., Some statistical convergence types for double set sequences of order «,
Facta Univ. Ser. Math. Inform., (in press).

Nuray, F., Patterson, R.F., Diindar, E., Asymptotically lacunary statistical equivalence of
double sequences of sets, Demonstratio Mathematica, 49(2) (2016), 183-196.

Ulusu, U., Diindar, E., Asymptotically Za-lacunary statistical equivalence of double sequences
of sets, Journal of Inequalities and Special Functions, 7(2) (2016), 44-56.

Ulusu, U., Diindar, E., Aydin, B., Asymptotically Zs-Cesaro equivalence of double sequences
of sets, Journal of Inequalities and Special Functions, 7(4) (2016), 225-234.

Giille, E., Double Wijsman asymptotically statistical equivalence of order «, Journal of In-
telligent and Fuzzy Systems, 38(2) (2020), 2081-2087.



862

25]
126]
27]
28]
[29]
30]
31]
[32]
33]
[34]

[35]

UGUR ULUSU AND ESRA GULLE

Kostyrko, P., Salat, T., Wilczynhski, W., Z-convergence, Real Anal. Exchange, 26(2) (2000),
669-686.

Ulusu, U., Nuray, F., On asymptotically lacunary statistical equivalent set sequences, Journal
of Mathematics, 2013(Article ID 310438) (2013), 5 pages.

Kisi, O., Nuray, F., On Sy (Z)-asymptotically statistical equivalence of sequence of sets, ISRN
Mathematical Analysis, 2013(Article ID 602963) (2013), 6 pages.

Das, P., Savag, E., On Z-statistical and Z-lacunary statistical convergence of order «, Bull.
Iranian Math. Soc., 40(2) (2014), 459-472.

Et, M. and Sengiil, H., Some Cesaro-type summability spaces of order o and lacunary statis-
tical convergence of order «, Filomat, 28(8) (2014), 1593-1602.

Sever, Y., Ulusu, U., Diindar, E., On strongly 7 and Z*-lacunary convergence of sequences
of sets, AIP Conference Proceedings, 2014(1611) (2014), 357-362.

Ulusu, U., Diindar, E., Z-lacunary statistical convergence of sequences of sets, Filomat, 28(8)
(2014), 1567-1574.

Savag, E., On Z-lacunary statistical convergence of order « for sequences of sets, Filomat,
29(6) (2015), 1223-1229.

Savag, E., Asymptotically Z-lacunary statistical equivalent of order a for sequences of sets,
Journal of Nonlinear Sciences and Applications, 10 (2017), 2860-2867.

Sengiil, H. and Et, M., On Z-lacunary statistical convergence of order « of sequences of sets,
Filomat, 31(8) (2017), 2403-2412.

Sengiil, H., On Wijsman Z-lacunary statistical equivalence of order (n, p), Journal of Inequal-
ities and Special Functions, 9(2) (2018), 92-101.

Current address: Ugur Ulusu: Department of Mathematics, Afyon Kocatepe University, 03200

Afyonkarahisar, Turkey.

E-mail address: ulusu@aku.edu.tr
ORCID Address: http://orcid.org/000-0001-7658-6114
Current address: Esra Giille: Department of Mathematics, Afyon Kocatepe University, 03200

Afyonkarahisar, Turkey.

E-mail address: egulle@aku.edu.tr
ORCID Address: http://orcid.org/0000-0001-5575-2937



	1. Introduction
	2. Definitions and Notations
	3. New Notions
	4. Inclusions Theorems
	References

