https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser.A1 Math.Stat.
Volume 69, Number 2, Pages 1484-[[497] (2020)
DOI: 10.31801/cfsuasmas.704446

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: March 16, 2020; Accepted: September 02, 2020 SERIES Al

A-STATISTICALLY LOCALIZED SEQUENCES IN n-NORMED
SPACES

Mehmet GURDAL?Y, Nur SARI!, and Ekrem SAVAS?2

1Department of Mathematics, Suleyman Demirel University, 32260, Isparta, Turkey
2Usak University, 64000, Usak, Turkey

ABsTRACT. In 1974, Krivonosov defined the concept of localized sequence that
is defined as a generalization of Cauchy sequence in metric spaces. In this
present work, the A-statistically localized sequences in n-normed spaces are de-
fined and some main properties of A-statistically localized sequences are given.
Also, it is shown that a sequence is A-statistically Cauchy iff its A-statistical
barrier is equal to zero. Moreover, we define the uniformly A-statistically
localized sequences on n-normed spaces and investigate its relationship with
A-statistically Cauchy sequences.

1. INTRODUCTION AND BACKGROUND

In 1922, Banach defined normed linear spaces as a set of axioms. Since then,
mathematicians keep on trying to find a proper generalization of this concept.
The first notable attempt was by Vulich . He introduced K-normed space in
1937. In another process of generalization, Siegfried Géhler [5] introduced 2-metric
in 1963. As a continuation of his research, Géhler [@ proposed a mathematical
structure, called 2-normed space, as a generalization of normed linear spaces. A.H.
Siddiqi delivered a series of lectures on this theme in various conferences in India
and Iran. His joint paper with Géhler and Gupta [8] also provide valuable results
related to the theme of this paper. Results up to 1977 were summarized in the
survey paper by Siddiqi . As a further extension, he introduced n-metric and
n-norm in his subsequent works Géhler |7] and regarded normed linear spaces as 1-
normed spaces. However, many researchers disagree to consider 2-norm and n-norm
as generalization of norm. In spite of this disagreement, several researchers have
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worked on this topic for decades Giirdal and Pehlivan [1011], Giirdal and Agik [12],
Giirdal and Sahiner [13], Giirdal et al. [14], Mohiuddine et al. [23], Mursaleen [24],
Savag and Sezer [37], Savas and Giirdal [31H33|, Savas et al. [34] and Yegiil and
Diindar [45,/46]. They have found out many interesting properties of this space and
lots of fixed point theorems are established.

This paper was inspired by Krivonosov |18], where the concept of a localized
sequence was introduced, which can be treated as a generalization of a Cauchy
sequence in metric spaces. We will often quote some results from Krivonosov [18],
that can be easily transferred to the concept of A-statistically localized sequence
and the A-statistical localor of a sequence in n-normed space. Let X is a metric
space with a metric d(-,-) and (z,,) is a sequence of points in X. It is an interesting
fact that if FF : X — X is a mapping with the condition d(Fz, Fy) < d(z,y)
for all z,y € X, then for every x € X the sequence (F™z) is localized at every
fixed point of the mapping F. This means that fixed points of the mapping F is
contained in the localor of the sequence (F™z) . Motivating the above facts and the
fact that the localor of a sequence can be extended by changing the usual limit to
the statistical limit (see Fridy [4]) of a sequence. Recently, the authors in [25] have
extended the concepts and results, which were given in [18], by changing the usual
limit to the statistical limit in metric spaces. This definition has been extended to
statistical localized and ideal localized in metric space Nabiev et al. [25,26] and in
2-normed spaces Yamanc et al. [43}/44], and they obtained interested results about
this concept.

This paper consists of three sections with the new results in sections 2-3. In
Section 2 the concept of the A-statistically localized sequence and the A-statistical
localor of a sequence in n-normed space is introduced and fundamental properties
of A-statistically localized sequences are studied. In Section 3, we prove that a
sequence is A-statistically Cauchy sequence if and only if its A-statistical barrier is
equal to zero. Moreover, we define the uniformly A-statistically localized sequences
on n-normed spaces and investigate its relationship with A-statistically Cauchy
sequences and prove that in n-normed linear spaces each A-statistically bounded
sequence has everywhere A-statistically localized subsequence.

Throughout this paper, let A be a nonnegative regular matrix and N will denote
the set of all positive integers. Let X and Y be two sequence spaces and A = (a,, )

o0

be an infinite matrix. If for each € X the series A, (z) = Zankxk converges
k=1
for each n and the sequence Az = {A,(z)} € Y, we say that A maps X into Y.
By (X,Y) we denote the set of all matrices which maps X into Y. In addition if
the limit is preserved, then we denote the class of such matrices by (X,Y), . A
matrix A is called regular if A € (¢,¢) and limg_ oo Ag(z) = limg_ oo xx for all
x = {x1},cn € ¢ when ¢, as usual, stands for the set of all convergent sequences.
It is well known that the necessary and sufficient condition for A to be regular are
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i) Al = SuPnZ |an, | < 005

2
ii) lima,, =0, for each k;
i) limy, Y _ an, = 1.
K

The idea of A-statistical convergence was introduced by Kolk [17] using a non-
negative regular matrix A. For a nonnegative regular matrix A = (ay,), a set
K C N will be said to have A-density if d4(K) = lim,_ Z an, exists. The

keK

real number sequence x = {Zp},cy is said to be A-statistically convergent to
L provided that for every ¢ > 0 the set K(¢) = {k € N :|zy — L| > ¢} has A-
density zero. Note that the idea of A-statistical convergence is an extension of the
idea of statistical convergence introduced by Fast [3] using the idea of asymptotic
density and later studied by Fridy [4], Connor [1], Salat [29], Giirdal and Ya-
manct [15], Mohiuddine and Alamri [20], Yamanc: and Giirdal [42] and Savag [30]
(also, see [16}/19L[211[22/|350/361/38]). Let K ={k(j) : k(1) < k(2)<k(3) < ..} CN
and {2}, = {xk(j)} be a subsequence of z. If the set K has A-density zero (i.e.
da(K) = 0) the subsequence {z}, of the sequence z is called an A-thin sub-
sequence. If the set K does not have A-density zero, the subsequence {x}, is
called an A-nonthin subsequence of x. The statement § 4 (K) # 0 means that either
da(K)>0or da(K) is not defined (i.e. K does not have A-density).

In 2|, Connor and Kline extended the concept of a statistical limit (cluster) point
of a number sequence z to a A-statistical limit (cluster) point replacing the matrix
C: by a nonnegative regular matrix A. Recall that the number )\ is a A-statistical
limit point of the number sequence z provided that there is a subset K = {k (j )};il
of positive integers with d4 (K) # 0 and xj(;) — Xis j — oo (see [2]). The number
v is a A-statistical cluster point of the number sequence = = (x,) provided that for
every € > 0, 64(K.) # 0 where K, := {k € N: |xp —v| < &} (see [2]).

Now we recall the n-normed space which was introduced in [9] and some defini-
tions on n-normed space (see [39)).

Definition 1. Letn € N and X be a real vector space of dimension d > n. (Here we

allow d to be infinite.) A real-valued function ||., ...,.|| on X™satisfying the following
four properties

(1) ||z1, 22y oy ]| = 0 if and only if x1, 2, ..., x, are linearly dependent;

(1) ||x1, 2, ..., xn|| s invariant under permutation;

(491) |21, T2, ooy Tne1, Qy || = |a |21, T2, -y Tne1, Ty ||, for any a € R;

(i’U) ”Ilv T2, es Tn—1,Y + Z” < Hxl, L2y .0y Tn—1; y” + ||x1? L2500y Tn—1, Z” )
is called an n-norm on X and the pair (X, ||.,...,.||) is called an n-normed space.

It is well-known fact from the following corollary that m-normed spaces are ac-
tually normed spaces (see also [7]).
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Corollary 1. ( [9]) Every n-normed space is an (n — r)-normed space for all
r=1,...,n — 1. In particular, every n-normed space is a normed space.

Example 1. A standard example of an n-normed space is X = R"™ equipped with
the n-norm is

lx1, 2, o, X1, Ty || := the volume of the n-dimensional parallelepiped spanned
by 1,22, cces Tp_1,Ty n X.
Observe that in any n-normed space (X, ||., ..., .||) we have
|21, 22,y X1, x| >0
and
|21, 2, ooy X1, || = |21, T2y ooy X1, Ty + @127 + oo + Q1T —1 ||

for all z1,zs,...,z, € X and a1, ...,a,,_1 € R.
Let X be a real inner product space of dimension d > n. Equip X with the
standard n-norm

(T1,21) -+ (@1,2n) 1z

lz1, 2, .0, Tl g == )
<.’En,.'171> <xn;$n>

where (.,.) denotes the inner product on X. If X = R"™, then this n-norm is the
same as the n-norm in Example 1.

Definition 2. A sequence {xy} in an n-normed space (X, ||.,...,.||) is said to con-
vergent to an l € X if

lim ||z — 1, 21, 22, .0, 2n—1] = 0
k—o0

for every z1,29,...,2n_1 € X.

Definition 3. A sequence {xr} in an n-normed space (X,|.,...,.||) s called a
Cauchy sequence if
lim ||zg — @1, 21,22, <oy Zn—1]| =0
k,l— o0

for every z1,29,...,2n_1 € X.

Let a,x1,...,xp—1 € X and for each € > 0 define the e-neighborhood of the points
a,T1,...,Tn_1 as the set

Us (@21, 0y @pn1) ={z: la — 2,21 — 2, ceoyzpn_1 — 2|| < e}

As it is known (see [28]) that the family of all sets

Wy = n Uei (a7m1i7 -~-a$(n71)i)
=1

(2
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with arbitrary pairs ¥ = {(xn, ...,x(n,l)l,sl) sy (mln,...,z(n,l)n,en)} forms a
complete system of neighborhoods of the point a € X. Note that a set M in a
linear n-normed space (X, ||, ..., .||) is said to be bounded if 5 (M) < oo, where

B(M)=sup{lla—z,21 —2,...;@n_1— 2| : @, Z1, e Tp_1,2 € M }.

We also suppose that for any ¢ > 0 there exists a neighborhood U of 0 such that
llx%, 25, ..., 2% || < e for all points =7, x3, ..., 2} in U.

2. DEFINITIONS AND NOTATIONS

In this section, we introduce some basic definitions and notations in n-normed
space (X, |-y ..y -|])-

Definition 4. (a) A sequence (x,,) in n-normed space (X, ||.,...,.||) is said to be A-
statistically localized in the subset K C X if the sequence ||z, — x, 21, 22, ..y Zn—1]|
A-statistically converges for all x, 21,22, ...,2n_1 € K.

(b) the maximal set on which a sequence is A-statistically localized is said to be
a A-statistical localor of the sequence. We denote by loc™* (z,,) the A-statistically
localor of the sequence (x,,).

(¢) A sequence (x,,) in n-normed space (X, ||.,...,.||) is said to be A-statistically
localized everywhere if the A-statistical localor of () coincides with X .
(d) A sequence (x,) in n-normed space (X, |.,...,.||) is called A-statistically lo-

calized in itself if the A-statistically localor contains x,, for almost all n, that is,
oA ({n : 2y, ¢ loc™™4 (xn)}) =0o0rdas ({n sz, € loc®t4 (q:n)}) =1.

(e) A sequence (x,) is said to be A-statistically localized if the loc®™* (x,,) is not
empty.

Definition 5. Let (x,,) be a sequence in an n-normed space (X, ||., ...,.||). Then the
sequence (xy) is said to be A-statistical convergent to L if for each € > 0 and any
NONZETO 21,29, +eey Zn—1 N X,

da({keN: |z, — L, 21,22, ..., 2n—1]| > €}) = 0.
In this case we write x, AL or
sta — 7}1—{20 |z — L, z|| = 0.

Definition 6. A sequence (x,) in a linear n-normed space (X, |.,...,.||) is said
to be a A-statistically Cauchy sequence in X if for every € > 0 and any nonzero
21,22y oy Zn—1 € X there exists a number N = N (g, 21, 22, ..., Zn—1) such that

0a({k eN:||lxg — T, 21, 22, -y 2n—1]| > €}) =0

for allm > N.



A-STATISTICALLY LOCALIZED SEQUENCES 1489

We can see from the above definitions that every A-statistically Cauchy se-

quence in m-normed space (X,|.,...,.||) is A-statistically localized everywhere in
(X, |-y -y ]]). Actually, due to

|||$n — L, 21,22, .., Zn—l” - ||l' = Ty 15 22«00y Bn—1 H| < ||-Tn Ty B1y 225 +eey Zn—l” )
we get

{n € N: ||xy — T, 21, 22, vy 2n—1]| = €}

D{neN:|||zn — L, 21, 22y e, 2n—1|| = |Tm — L, 21, 22, ..., Zn—1]|| = €}.
Hence, the number sequence ||z, — L, 21, 29, ..., 2,—1]| is an A-statistically Cauchy
sequence, then ||z, — L, 21, 22, ..., zn—1|| is A-statistically convergent for every L €

X and every nonzero z € X. So, |z, — L, 21, 22,..., 2n—1|| in n-normed space
(X, I, -, -]1) is A-statistically localized everywhere.

Lemma 1. A sequence (x,,) in linear n-normed space (X, ||., ..., .||) is an A-statistically
Cauchy sequence if and only if there exists a subsequence K = (k) of N with
da(K) =1 such that

lim ||:Z:k5n 7kaazl)227"'7zn—1” =0
n,m— 00

for all z1, 29, ..., 2n_1 in X.

Proof. Let (z,) be an A-statistically Cauchy sequence in (X, |.,...,.||). By defini-
tion, we can construct a decreasing sequence

(K;) CN (K1 C Ky, j=1,2,..)

1
such that 64 (K;) =1 and |z, — Zp,, 21, 22, .-y 2n—1|| < = for all z1,20,..., 2,1 €
X, ki,ko € Kj, 7 € N. Further, let v; € K;. Then we can find v, € K> with
|K2 (n)]
n
subsequence (v;) € N such that v; € K for each j € N and
K; j—1
K ()] -
n J
for each n > v;. Then, as in [27], it is easy to prove that 04 (K) =1 if

1
vy > v7 such that > 3 for each n > vs. Inductively, we can construct a

K={keN:1<k<un}U|U{k:vj<k<vi}NEK;|.
JEN
1
Now, for € > 0 choose j € N such that j > —. If m,n € K and m,n > v; we
€
can find r,s > j such that v, < m < v,41, v <N < vsy1. Hence, m € K, and

n € K. For definite, suppose that r < s. Then K, C K, which implies m,n € K.
Therefore, for every z € X we have

—_

1
|Tm — Zn, 21,5 22, oy 2n—1|| < = < ; <e.

<3
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Then we have

nﬂlrilrgoo |Tm — Tny 21, 224 ooy 2n—1|| = 0.
m,neK
Let us prove the converse. Suppose that K = (k,) C N is a subsequence of
subsets N such that d4 (K) = 1 and lm ||zg, — 2k,,, 21, 22, -, Zn—1]| = 0 for
n,m— 00

all z in X. Then, for any € > 0 there exists pp = po(ec,z) € N such that
lxk, — K, 21, 22, ooy Zn—1|| < € for all n,m > pg. This yields

{k eN: Hmk = Thyy » 21, 22, ...,zn_lH > 8} C N\ {kpo+1: kpg+2, -} -
Hence
5a{keN: ka = Ty s 215 22, s Znet|| = e} <64 (N\ {kpos1, kpgr2,-.-}) =0.

So, (z) is an A-statistically Cauchy sequence in X. O

Lemma 2. A sequence (x) in (X, |.,...,.||) is a A-statistically Cauchy sequence
if and only if for every neighborhood U of the origin there is an integer N (U)
such that n,m > N (U) implies that xy, — xy,, € U, where K = (k,) C N and
da(K)=1.

Proof. Let z € X and € > 0. Suppose that there is K = (k,) C N such that
T, — Tk, € U:(0,21,22,...,2n-1) for n,m > N (U), where U (0, 21, 22, ..., Zn—1)
is a neighborhood of zero. This implies ||xg, — Zk,, , 21, 22, -, 2n—1|| < € for every
n,m > N (U). Then nTI%QOOkan — Tk, 21, 22, - Zn—1|| = 0, l.e., (z) is an A-

m

statistically Cauchy sequence in X.
Conversely, assume that lm ||z, — 2k, , 21, 22, -, 2n—1]| = 0, where K =

(kn) C Nand 64 (K) = 1. Let Wy, (0) be an arbitrary neighborhood of 0 with
S ={(b11, -, bn—1)1,21) s ey (b1rs - bn—1)r» ) }. By hypothesis, we have

n}%llloo kan — Ty, , b1, b2, -~-ab(n71)jH =0forj=1,...,r

Thus for each «; there exists an integer /N; such that
||£Ekn — Tk s blj, bgj, ey b(n—l)j || < (e7]

for n,m > N;. Let N = max{Ni,..., N, }. Then

|z, — Tk, = bLjs s Thy, — Tk, — Bn—1)j> Thy — Tk

= kan —mkm,blj,bgj, ---yb(nfl)jH < (o7

for n,m > N implies that z, —x,, € Wx (0) for n,m > N and thus it follows
that (xy) is an A-statistically Cauchy sequence in X. O



A-STATISTICALLY LOCALIZED SEQUENCES 1491

3. MAIN RESULTS

Proposition 1. Let (z,,) be an A-statistically localized sequence in linear n-normed
space (X, ||.,...,.||). Then (z,) is A-statistically bounded in X.

Proof. Let (z,) be an A-statistically localized sequence. So, the number sequence
(lxs — L, 21, 22, .oy 2n—1]|) A-statistically converges for some L € X and every
z € X. Then the number sequence (||z, — L, 21, 22, ..., zn—1||) is A-statistically
bounded, i.e., there is S > 0 such that

da({neN: |z, — L, 21,22, ..., 2n_1|| > S}) = 0.

This implies that almost all elements of (zj) are located in the neighborhood
Us (0, 21, 22, ..., zn—1) of the origin. Then, sequence () is A-statistically bounded
in X. (]

Proposition 2. Let M =loc™* (x,,) and the point y € X be such that there exists
x € M for any € > 0 and every nonzero z1, 2o, ..., 2n—1 € M satisfying

0a({n eN: ||z —xn, 21,22, o0y 2n—1l| = |y — Tn, 21, 22, oy 2n—1]|| = €}) = 0. (1)
Then y € M.
Proof. To show that the sequence 3, = ||z, — v, 21, 22, ..., zn—1|| satisfies the A-

statistically Cauchy criteria is enough. Let ¢ > 0 and z € M = loc™* (z,,) is
a point that has the property (1). Because the sequence ||z, — z, 21, 22, ..., Zn—1||
satisfying the property (1) is A-statistically Cauchy sequence, then there exists a
subsequence K = (k,) of N with d4 (K) =1 such that

|||£L' — Tk, s %1, 22, "'7Zn71H - ||y — Tk, s 21,22, ---7zn71||| — 0
and
|kan — T, 21, 22, "'7'277,—1” - ka}m - x,Zl,Z2,...,ZTL_1|H - 0

as m,n — oo. Clearly, there exists nyp € N for any ¢ > 0 and every nonzero
21,29,y 2n—1 € M such that for all n > ng, m > mg, we get

lx — 2z, , 21, 22, ooy 21|l = | — Tk, s 21, 22, oy 21 ||| < g (2)
12— Th, s 21, 225 coos 2t || = 17 = Th s 21, 224 eons 2 ||| < % (3)
From (2), (3) and (4)
ly — @k, , 215 225 ooy 2n—1ll — |y — @k, , 21, 22, -+, Zn—1l|
< |y — @k, 21, 225 oy 2Zn—1 || — |12 — @k, , 21, 225 vy Zn—1]l|
+ 1z = 2k, 215 225 o0 Zn1ll = 1T = Tk, 21, 22, s 201 ]
+ |z — Tk, s 21, 22, ooy 21|l — [|[Y — Tk, s 21, 22, <oy Zn—1]/] (4)

we have that

1y — ok, , 21, 225 s Zn1ll = Y = Tk, 21, 225 oy 2|l < € (5)
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for all n > ng, m > ng, i.e.,
|||y T Ly y BLy B2y +oey ZTL—1H - ||y T Ly, s BLy B2y wovs Z7l—1||| —0as m,n — oo

for the subset K = (k,) C N with 4 (K) = 1. This means that the sequence
ly — 2n, 21, 22, ..., 2n—1|| is an A-statistically Cauchy sequence, which finishes the

proof. O
Definition 7. A point a in a n-normed space (X I -, -1|) is called a limit point of a
set M in X if for an arbitrary X = {(3711, s T(n—1)1, 51) , (£U1m ...,x(n,l)n,sn)}

there is a point ay € M, ax # a such that ay € Wg (a)

Moreover, a subset Y C X is called a closed subset of X if ¥ contains every its
limit point. If Y0 is the set of all points of a subset ¥ C X, then the set Y = YUY?©
is called the closure of the set Y.

Proposition 3. A-statistically localor of any sequence is a closed subset of the
n-normed space (X, ||.,...,||) -

Proof. Let y € loc™* (z,,) . Then, for arbitrary
Y= {(mllv < T(n—1)1, 61) PRRET (xlna <y T(n—1)n> En)}
there is a point x € loc™* (z,,) such that = # y and = € Wy (y). Hence

0a({n e N ||z — xn, 21,22y ooy 21|l — |U — Tny 21, 22, oy 2n—1 ||| Z €}) =0

stA(

for any € > 0 and every z1, 22, ..., 2,—1 € loc Zn), because we get

|H$U — Tn, 215 22, "'7271—1H - ||y — Tn, 21, 22, "'7Z7L—1|H
<|ly — Tn, 21,22, oy 21|l < €

for almost all n. As a result, the hypothesis of Proposition 2 is satisfied. So,
y € loc®™* (z,,), that is, loc® (z,,) is closed. O

Recall that the point y is an A-statistical limit point of the sequence (z,) in
n-normed space (X, |.,...,.||) if there is a set K = {k; < ks < ...} C N such that
da(K) # 0 and lim, . ||k, — ¥, 21, 22, .., Zn—1|| = 0. A point ¢ is called an A-
statistical cluster point if

614 ({’I’L eN: Hl’n - 672172% "'azn—IH < 6}) 7& 0

for each € > 0 and every z1, 22, ..., 2,1 € X.
We can give the following results because of the inequality

Nz =y, 21, 225 oy 2n—1 || = |2 — v, 21, 22, ooy 201 ||| < |l2n — @, 21, 22, oy Zn—1]| -

Proposition 4. Let y € X be an A-statistical limit point (an A-statistical clus-
ter point) of a sequence () in n-normed space (X, ||.,...,.||). Then the num-
ber ||y — x, 21, 22, ..., 2n—1]| is an A-statistical limit point (an A-statistical cluster
point) of the sequence {||x,, — x, 21, 22, ..., zn—1||} for each x € X and every nonzero
21,29y 0y Zn—1 € X.
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Proposition 5. All A-statistical limit points (A-statistical cluster points) of the A-
statistically localized sequence (x,,) in n-normed space (X, ||., ..., .||) have the same
distance from each point x of the A-statistical localor loc®™* (x,,) .

Proof. Actually, if y1,y> are two A-statistical limit points (A-statistical cluster
points) of the sequence (z,) in n-normed space (X,|.,...,.|]|), then the numbers
ly1 — z, 21, 22, .oy 2n—1]| and ||y — x, 21, 22, ..., 2n—1|| are A-statistical limit points
of the A-statistically convergent sequence ||z — Xy, 21, 22, ..., Zn—1| . As a result,
llyr — z, 21, 22y ooy 21l = ly2 — 2, 21, 22, -y Zn—1]| - O

Proposition 6. loc® (x,,) only contains one A-statistical limit (cluster) point

of the sequence (x,) in n-normed space (X, |.,...,.||). In particular, everywhere
localized sequence only has one A-statistical limit (cluster) point.

Proof. Let z,y € loc®™* (x,) be two A-statistical limit or cluster points of the

sequence () in n-normed space (X, ||.,...,.||). Then, we have that
||37 T Xy Z15 22y ey Zn—l” = ||Z‘ — Y, 21,22, Zn—l”
from the Proposition 5. But ||« — x, 21, 22, ..., Zn—1|| = 0. This means
lx — vy, z1, 22, ..., 2Zn—1]| = 0 for & # y. This is a contradiction. |

Proposition 7. Let y € loc™4 (zn,) be an A-statistical limit point of the sequence
(xn). Then x, sta Y.
Proof. The sequence {||z, — v, 21, 22, ..., 2n—1]| } A-statistically converges and some
subsequence of this sequence converges to zero, i.e., x, 4 Y. ([l
Definition 8. Let (x,,) be the A-statistically localized sequence with the A-statistically
localor M = loc™* (z,,). The number

i = inf (stA- lim ||z — @y, 21, 22, ...,zn_1||>

reM n— 00

is said to be the A-statistical barrier of (zy,).

Theorem 1. Let (z,) be the A-statistically localized sequence in n-normed space
(X, -5 -). Then (x,) is A-statistically Cauchy sequence if and only if its A-
statistical barrier is equal to zero.

Proof. Let (z,,) be an A-statistically Cauchy sequence in n-normed space (X, ||., ..., .]|)-
Then, there exists the set K = {k1 < ko < ... <k, < ..} C Nsuch that d4 (K) =1
and limy, y—oo ||k, — Tk, » 21, 22, .., Zn—1]| = 0. Hence, there exists ng € N for each
€ > 0 and every nonzero 21, 29, ..., zn—1 € X such that

kan - ka,,LO,Z1,227~-~7Zn—1H <e€

for all n > ng. Because an A-statistically Cauchy sequence is A-statistically lo-

calized everywhere, we get sta-lim, .. ’ Ty — Tk 5 21, 29, ...,zn,lu < ¢, that is,
no

1 < e. Since € > 0 is arbitrary, we have p = 0.
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In contrast, if 4 = 0 then there is x € M = loc®™* (x,,) for each € > 0 such that
. €
|z, 21, 22, ooy 2n—1]| = sta-limy, oo || — @i, 21, 22, ooy 2n—1]] < 3 for every nonzero
21,22, .y 2n—1 € M. At this stage,

0a ([n €N ||z, 21, 22, ooy 2n—1| = | — Tny 21, 225 ovs Zn—1]|]

9
2 5 - ||$721,Z2, "')ZTL—1||:|) = 0

So,
€
da ({n eN: ||z —xpn, 21,22, 0y Zn—1|| > 5}) =0,
that is, st s-lim, oo || — Zp, 21, 22, .-y 2Zn—1]| = 0. Therefore, (x,,) is an A-statistically
Cauchy sequence. O

Theorem 2. Let (x,) be A-statistically localized in itself and let (x,) contain a
A-nonthin Cauchy subsequence. Then (x,) is an A-statistically Cauchy sequence
in itself.

Proof. Let (z!,) be a A-nonthin Cauchy subsequence of (x,,). Without loss of gen-
erality we can suppose that all elements of (z,) are in loc®** (x,,) . Because (z,) is
a Cauchy sequence by Theorem 1,

inf lim |/, — ), 21,22, ..., zn_1| = 0.

z!, m—o0
In other hand, because (x,,) is A-statistically localized in itself, then
sta- lim_ |Tm — ), 21, 22, ooy 2n—1|| = Sta — lim |z, — s 21, 22, ooy Zn—1|| = 0.
This means

W= Iléljt\} (stA— n%gnoo |Tm — x, 21, 22, ..., zn_1||> =0,
that is, (z,) is an A-statistically Cauchy sequence in itself. O

Let x € X and § > 0. Recall that the sequence (z,) in n-normed space
(X, |5 -, -||) is said to be A-statistically bounded if there is a subset K = {k1 < kg <
... <kp C ...} of Nsuch that 64 (K) =1and (z, ) C Us (0,21, 22, ..., Zn—1), Where
Us (0,21, 22, ..., 2n—1) is some neighborhood of the origin. It is obvious that (a:k)
is a bounded sequence in X and it has a localized in itself subsequence. As a result,
the following statement is correct:

Theorem 3. Fach A-statistically bounded sequence in n-normed space (X, ||., ..., .||)
has an A-statistically localized in itself subsequence.

Definition 9. An infinite subset L C (X, ||.,.||) is called thick relatively to a non-
empty subset Y C X if for each € > 0 there is the a point y € Y such that the
neighborhood U (0, 21, 2, ..., 2n—1) has infinitely many points of L. In particular,
if the set L is thick relatively to its subset Y C L then L is said to be thick in itself.
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Theorem 4. The following statements are equivalent to each other in n-normed
space (X, ||y s -|):

(i) Each bounded subset of X is totally bounded.

(1) Fach bounded infinite set of X is thick in itself.

(#ii) Each A-statistically localized in itself sequence in X is an A-statistically
Cauchy sequence.

Proof. 1t is obvious that (i) implies (ii). Now, we prove that (ii) implies (iii). Let
(xn) C X be an A-statistically localized in itself. Then (z,) is A-statistically
bounded sequence in X. Then here is an infinite set L of points of (z,) such
that L is a bounded subset of X. By the supposition, the set L is thick in it-
self. So, we can choose x; € L for every € > 0 such that the neighborhood
U (0,21, 22, ..., 2n—1) contains infinitely many points of X, say zi,...,2},.... The
sequence (||a!, — zk, 21, 22, ..., 2n—1]|) A-statistically converges and

sta— lim ||a], — 2k, 21,22, ..., Zn-1|| < €
n—oo

for the sequence (x,) . Therefore, the A-statistically barrier of (z,,) is equal to zero.
Then (z,,) is a Cauchy sequence.

Suppose that (iii) is satisfied, but (i) is not. Then, there is a subset L C X such
that L is not totally bounded. This means that there exists ¢ > 0 and a sequence
(x5,) C L such that ||z, — Tm, 21, 22, ..., 2n—1|| > € for any n # m and every nonzero
21429, ey Zn—1 € L.

Because (x,,) is A-statistically bounded by Theorem 3, it has an A-statistically
localized in itself sequence (z},). Due to |z}, — x.,, 21, 22, ..., 2n—1|| > € for any
n # m, the subsequence is not an A-statistically Cauchy sequence. This contradicts
(iii). Therefore, (iii) implies (ii), which finish the proof. O

From Theorem 2 and 3, we get the property (iii) is equivalent to
(iv) each A-statistically bounded sequence has an A-statistically Cauchy subse-
quence.

Definition 10. A sequence (x,) in n-normed space (X, ||, ..., .||) is said to be uni-
formly A-statistically localized on the subset L of X if the sequence {||z — x,, 21, 22,
oy Zn—1]||} uniformly A-statistically converges for all x € L and every nonzero z,
29y ey Zn_1 tn L.

Proposition 8. Let (z,) be uniformly A-statistically localized on the set L C X
and w €'Y is such that for every e > 0 and every nonzero z1, za, ..., 2,1 in L, there
is y € L satisfying the property

da({neN:||lw—zn, 21,22, 2n-1l| = [y — Zn, 21, 22, ..., 2n—1]|| = €}) = 0.

Then w € loc®™ (x,,) and (x,) is uniformly A-statistically localized on a set that
contains such points w.
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