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Abstract: The limit, at the center of almost all subjects of analysis and general mathematics, is also covered in science
teaching program. Even though the limit is more important for mathematics to be fully acquired in the mind, it has
undeniable importance in different fields of science such as physics, chemistry, and biology. The fact that the concept of limit
is mostly taught through graphs and algebraic operations in the general mathematics course instructed in the science teaching
program renders it significant to examine pre-service teachers' graphical and algebraic understanding levels. Accordingly, the
aim of this study is to examine pre-service science teachers' graphical and algebraic understanding levels concerning the
concept of limit. The participants of the study are pre-service teachers in the first year of a science teaching program. Data
were collected through an open-ended exam. The data were analyzed by graphical and algebraic understanding categorical
scoring charts and are presented based on frequencies and percentages for indicators of each understanding level. The study
found the pre-service teachers' graphical understanding of the concept of limit to be higher than their algebraic understanding.
We think that the results obtained in this study will give faculty members an idea about teaching practices related to the
concept of limit.
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Oz: Analiz ve genel matematigin neredeyse biitiin konularinin merkezindeki limit, egitim fakiiltelerinin lisans
programlarindan biri olan fen bilgisi 6gretmenliginde de yer almaktadir. Limit soyut kavramlarin zihinde yer edinebilmesinde
matematik i¢in dnemli goriilse de fizik, kimya, biyoloji gibi fen bilimlerinin farkli alanlarinda da limitin dnemi yadsmamaz.
Limit kavramimin fen bilgisi 6gretmenligi programinda yiiriitiilen genel matematik dersinde daha ¢ok grafikler ve cebirsel
islemler iizerinden Ogretilmesi, dgretmen adaylarinin grafiksel ve cebirsel anlama diizeylerinin incelenmesini anlamli
kilmaktadir. Bu dogrultuda calismanin amaci, fen bilgisi 6gretmen adaylarinin limit kavramina yonelik grafiksel ve cebirsel
anlama diizeylerinin incelenmesidir. Arastirmanin katilimcilari, fen bilgisi 6gretmenligi programinin birinci sinifinda
Ogrenim goren 6gretmen adaylaridir. Veri toplama araci agik uglu bir sinavdir. Veriler, grafiksel ve cebirsel anlama kategorik
puanlama cetvelleriyle analiz edilerek her bir anlama diizeyinin gostergelerine yonelik frekans ve yilizdeler araciligiyla
sunulmustur. Aragtirmanin sonucunda Ogretmen adaylarinin limit kavramina yonelik grafiksel anlamalarinin cebirsel
anlamalarina gore iist diizeyde oldugu belirlenmistir. Arastirmadan elde edilen sonuglarin limit kavramina yonelik
ogretimdeki uygulamalara dair 6gretim iiyelerine fikir verecegi diigiiniilmektedir.

Anahtar Kelimeler: Limit, anlama diizeyi, grafiksel anlama, cebirsel anlama, 6gretmen aday:.

Tiirkge siiriim i¢in tiklayiniz

1. Introduction

Mathematics plays an important role in our daily lives by helping us solve many problems we face and
making our lives easier (Davis, Hersch, & Marchisotto, 2015). One of the prerequisites for having a profession
that allows leading a qualified life is to have a certain level of mathematical knowledge. This means that science,
social sciences, and health sciences require the use of mathematics from basic to advanced level. Therefore, it is
indispensable to use mathematical concepts’ knowledge and operations in an efficient way both in trade,
engineering, and in basic sciences (Travers & Westbury, 1989). The fact that mathematics classes are included in
all undergraduate programs of many faculties in university education supports this.

During undergraduate education, classes under the names of "analysis™ and “"general mathematics" are taught,
and various mathematical concepts are addressed in such classes. Set, correlation, function, limit, continuity,
derivative, and integral are among these basic concepts. These mathematical concepts are connected to each
other just like a chain ring (Dede & Argiin, 2004; Oztiirk, 2016). In other words, any concept is shaped by being
built on the foundation formed by previous concepts (O’Halloran, 2015). The limit is one of the important
concepts that form the basis for shaping the concepts of continuity, derivative, and integral (Arslan & Celik,
2013; Cornu, 2002, N. Cetin, 2009). The concept of limit is used in many situations such as calculation of the
area by increasing the number of edges of the regular polygon placed in the circle (Ministry of National
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Education [MNE], 2005), determination of the asymptotes of functions, calculation of the sum of geometric
series (Parameswaran, 2007), and creation of derivative and integral definitions (Cornu, 2002; Denbel, 2014). In
this respect, it can be said that if the concept of limit is not effectively learned, the knowledge obtained later in
analysis or general mathematics classes will not be at a satisfactory level (Arslan & Celik, 2013; Lee, 1992;
Ozmantar & Yesildere, 2013).

The limit, which is at the center of almost all subjects of analysis and general mathematics, is also covered in
science teaching, one of the undergraduate programs of faculties of education. Even though the limit is more
important for mathematical concepts to be fully acquired in the mind, it has undeniable importance in different
fields of science such as physics, chemistry, and biology. For instance, calculating the pressure value at a point
in the field of physics, estimating the sustainable population in the field of biology, and maintaining
thermodynamic equilibrium in the field of chemistry are related to the concept of limit. In this respect, there is a
need to form a basis for the concept of limit in science classes, even if at a basic level. A science teacher needs to
have sufficient levels of knowledge and skills in each one of physics, chemistry, and biology fields (Akpinar &
Ergin, 2004; Bardak & Karamustafaoglu, 2016) besides basic knowledge of the function and the concept of limit
that describes the behavior of the function around a certain point. The concept of limit is addressed within the
scope of the general mathematics course taught in the science teaching program. In this course, the formal
definition of the limit (the definition € — &) is not given; instead, the intuitive definition is included. Intuitive
definition of the limit is discussed as follows: “Let’s assume that a function f is defined for all x values that are
in the neighborhood of point x,, (it does not have to be defined at point x,). If f(x) approaches a real number L
when x approaches x, sufficiently close, then the limit of f(x) is expressed as L and represented by
lim,_,, f(x) = L when x goes to x,,” (Ertem-Akbas, 2016).

Understanding mathematical concepts involves a hierarchical structure. There are various levels of
understanding in the learning of geometry and analysis concepts by students. While Van Hiele (1957) defines
levels of understanding geometry concepts, Fless (1988) and Lee (1992) provide levels of understanding analysis
concepts. Lee (1992), who determined various levels of understanding the limit, which is an analysis concept,
took Fless' (1988) understanding levels, which address the derivative along with the limit, as basis. However,
Lee (1992) examined understanding levels more deeply through a single concept by focusing only on the
concept of limit. Lee (1992) defined levels of understanding the concept of limit as basic level, computational
level, transitional level, rigorous level, and abstract level. At the basic level, the existence or absence of the limit
of a function or series can be determined by assigning numerical values or graphically, without the formal
definition of the limit. At the computational level, the limit of a function or series is determined by using the
properties required by the limit. Due to the nature of this level, algorithmic operations are performed without
resorting to the formal definition. At the transitional level, the notation and terminology contained in the
definition € — & of the limit can be explained both verbally and graphically. This level also requires competence
to decide in which situations some basic theorems can be used. At the rigorous level, proofs of the propositions
related to the limit can be made besides the competences required by the first three levels. The abstract level
requires an awareness of the importance of the role of the limit in mathematics and the ability to make
generalizations by applying the definition of the limit to spaces of different dimensions, in addition to the
competences related to the previous levels. The first two of these levels involve a basic level of interpretation
mostly through graphical and algebraic operations without using the formal definition of the limit. The other
three levels are expected to be attained during the process of specialization in mathematics. Elia, Gagatsis,
Panaoura, Zachariads and Zoulinaki (2009) state that the limit is one of the basic concepts that combine
algebraic and geometric representations and emphasize the importance of using both representations in teaching
for the full understanding of this concept. However, the fact that pre-service science teachers learn the concept of
limit mostly through graphs and algebraic operations in the general mathematics course renders it significant to
examine their graphical and algebraic understanding levels. This study focuses on the basic level and
computational level from the comprehension levels of the limit concept. Considering the definitions made by
Lee (1992) for comprehension levels, the basic level was examined from the "graphical understanding"
perspective and the computational level from the "algebraic understanding™ perspective.

The literature includes many studies on the concept of limit (Baki & Cekmez, 2012; Bastiirk & Donmez,
2011; Biber & Argiin, 2015; Cildir, 2012; Denbel, 2014; I. Cetin, 2009; Kepceoglu & Yavuz, 2016; Lee, 1992;
N. Cetin, 2009; Parameswaran, 2007; Tall & Vinner, 1981; Williams, 1991, etc.). These studies generally focus
on the effect of learning environment design on learning the concept of limit, student understanding of the
formal definition of the limit, and misconceptions about the limit and the continuity. In addition, most of the
studies were conducted with pre-service mathematics teachers. Lee (1992) evaluated pre-service high school
mathematics teachers' understanding of the limit in terms of some components of pedagogical content
knowledge. Baki and Cekmez (2012) examined pre-service primary school mathematics teachers' understanding
of the formal definition of the limit. Kep¢eoglu and Yavuz (2017) conducted an experimental study and aimed to
examine the effect of teaching the limit and the continuity through GeoGebra software on the success of pre-

734



Investigation of Pre-Service Science Teachers' Graphical and Algebraic Understanding of the Concept of Limit

service mathematics teachers. That study focused on determining the effect of a learning environment on
learning the concept of limit. Unlike other researchers, Biber and Argiin (2015) conducted a study on how the
concept of limit of two-variable functions is constructed by pre-service mathematics teachers. As to the studies
on misconceptions, Bastiirk and Dénmez (2011) focused on the misconceptions of pre-service mathematics
teachers about the limit and the continuity, while Cildir (2012) focused on the misconceptions of pre-service
physics teachers about the concept of limit. Cildir (2012) collected the opinions of pre-service teachers about the
teaching of the general mathematics course included in the physics teaching program. When previous studies are
taken into consideration, it is understood that there are few studies examining the intuitive and algebraic
understanding of the concept of limit of a study group other than pre-service mathematics teachers. The fact that
there is a small number of studies on graphical and algebraic understanding and that the studies carried out on
the basis of the concept of limit were mostly conducted with pre-service mathematics teachers point to a need for
a study in this field. In this context, the aim of this study is to examine pre-service science teachers' graphical
and algebraic understanding levels concerning the concept of limit. The research problem of the study is as
follows: "What are the graphical and algebraic levels of understanding of pre-service science teachers for the
concept of limit?". This descriptive study may contribute to faculty members in the formation of the general
mathematics course content in order to provide a better understanding for pre-service teachers in major area
courses (physics, chemistry, and biology) that require using the concept of limit.

2. Method

This research, which aims to examine the graphical and algebraic understanding of the concept of limit of
pre-service science teachers who have taken the general mathematics course, is a descriptive study. Descriptive
studies are studies in which no intervention is made by researchers to the facts or events studied (Sonmez &
Alacapinar, 2014). Descriptive studies, which are conducted with the aim of revealing the 'what' of the
phenomenon and the event without any intervention, do not have any attempt to change or develop the current
situation. The concept of limit is one of the concepts in the science teaching program within the scope of general
mathematics lesson. In this study, pre-service science teachers' understanding of the concept of limit was
examined at the end of the semester. The lessons were conducted within the weekly program. Therefore, no
instructional intervention was made by the researchers to the pre-service science teachers to examine their
comprehension levels. The present phenomenon of the study is the graphical and algebraic learning levels of the
pre-service teachers. In order to determine this phenomenon, an open-ended exam was applied to the pre-service
teachers and their level of comprehension was determined by considering the answers given to this exam. From
this point of view, it was tried to reflect the graphical and algebraic understanding of the pre-service teachers
towards the limit concept from a descriptive perspective holistically.

2.1. Study Group

The participants of the study were 82 first-grade pre-service teachers studying in a science teaching program
at a state university. These pre-service teachers included all students taking the general mathematics 1 course and
studying in two different sections. Purposeful sampling method, one of the improbable sampling types, was used
in determining the participants. Purposeful sampling is based on the assumption that it is necessary to choose a
sample from which a lot of things can be learned about an event or phenomenon that is desired to be discovered
and understood (Merriam, 2015). The study group was chosen from among pre-service science teachers because
in the general mathematics course taught in the science program, the concept of limit is taught at a basic level for
graphical and algebraic understanding, in parallel with the purpose of the study.

2.2. Data Collection Tool

An open-ended exam consisting of a total of 6 questions was used to determine the pre-service teachers'
graphical and algebraic understanding of the concept of limit. Table 1 provides a graphical and algebraic
classification of the questions in the exam and provides explanations about the questions.

Some of the open-ended questions used in the study are the graphical or algebraic form of the same question.
In this respect, the first and fourth questions, which were intended to determine graphical understanding, were
transformed into a form to determine algebraic understanding in the second and third questions, respectively. We
did so mainly because we thought it would facilitate the comparison of the pre-service teachers' graphical and
algebraic understanding. An exemplary pair of questions demonstrating such transformation is given in Figure 1.

735



T. Oztiirk, N. Sénmez

Table 1. Explanations on the Content of the Questions

Understanding Questions  Explanations

It requires deciding that determining the limit value of the function as infinite on
a the graph is an indicator of that the limit does not exist in the set of real numbers
1 and providing a justification.

It requires determining that the right and left limit values on the graph are equal,
deciding the existence of the limit of the function, and providing a justification.

It requires deciding that determining the limit value of the function as infinite on
a one side on the graph is an indicator of that the limit does not exist and providing a
4 justification.

Graphical It requires determining that the right and left limit values on the graph are equal,

deciding the existence of the limit of the function, and providing a justification.

It requires determining the relevant piece of the piecewise function graph when
a approaching a certain point from the right, deciding the limit value through an
examination on this part, and providing a justification.

5 It requires determining the relevant piece of the piecewise function graph when
approaching a certain point from the left, deciding that the limit value may be
equal to the limit at the point where the function is not defined, and providing a
justification.

It requires deciding whether the limit of a given function exists through
2 conducting algebraic operations in the neighborhoods of the relevant point by
taking into account the set of definitions.

It requires finding the limit value of the given function and the type of uncertainty

Algebraic 3 - : . .
and how to eliminate such uncertainty by means of algebraic operations.

6 a Itrequires determining whether the limit of the given piecewise function exists at
~p_ aparticular point by performing operations on the relevant algebraic expressions.

The graph of function f is given on the left
1) side. Determine whether the limit of function 1
[ exist at the specified points, if available, find flx)= M exists at x = 0 and calculate
y the limit value on the graph, and express your *
justification.

2) Determine whether the limit of the function

the limit value, if available.

[] The function f has a
) _ limit.
a) E—IE fo = D l:l The function f has

no limit.

l:‘ The function f has a limit.

I:‘ The function f has no limit.

Justification:

[l The function f has a
limit.

b) Jim fx) =|:| [] The function f has

E] no limit.

Justification:

Figure 1. Equivalent questions to determine graphical and algebraic understanding

Three points were considered in the development of the open-ended exam, which is used as a data collection
tool. The first of these is that the questions in the exam fully cover the content of the limit concept. Second, the
questions allow to provide justifications for situations related to the limit concept (e.g., the existence of the limit,
finding limits from the right and left, etc.). Third, the questions allow comparison in terms of graphical and
algebraic understanding. While performing the first and second issues, misconceptions regarding the limit
concept were also taken into consideration. The third point explains the use of the questions that are transformed
into algebraic form for determining graphical understanding in determining algebraic understanding.
Considering these situations, firstly, each author suggested questions. Afterwards, a draft form was created to
ensure the content validity by examining the questions and the draft form of the questions was examined by an
expert. After taking expert opinions, the questions were edited, the process was repeated, and the final version of
the questions was prepared and made ready for the open-ended exam.

A pilot study was conducted in order to see the problems that may arise during the implementation of the
data collection tool, to determine the validity and reliability of this tool, and to decide how to follow the analysis
of the data. The pilot study was applied to fourth grade students studying in a mathematics education program.
As a result of the pilot study, it was decided that it would be appropriate to use different questions to determine
graphical and algebraic understanding in piecewise functions. This is because when the graph of the piecewise
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function and the algebraic expression of this function are given in two different questions, students may directly
realize that they are two different forms of the same question. Accordingly, the functions mentioned in the last
two questions were arranged as two different piecewise functions. The basic element that makes these questions
equivalent is the piecewise function. However, requesting a justification along with the solution was decided to
be unnecessary in the last question (Q6) associated with algebraic understanding. This is because the justification
that is expected to be provided is already expressed through algebraic operations in solution steps. As a result,
the data collection tool has been made applicable for the actual implementation. In addition, with the pilot study,
the negligence of the situations that may arise in the categorical scoring charts developed for the analysis of the
data was prevented. Besides, the pilot study also guided the research in determining the implementation time of
the data collection tool.

2.3. Data Analysis

The data obtained from the exam were analyzed through graphical and algebraic understanding categorical
scoring charts. These categorical scoring charts, developed by the researchers, contain indicators for determining
the graphical and algebraic understanding of pre-service teachers regarding the concept of limit. Besides the
student responses obtained through the pilot study, the literature (Lee, 1992) was also taken into consideration
while determining the indicators. By this means, the basic indicators of the concept of limit for graphical and
algebraic understanding were decided. These basic indicators include "deciding the existence of the limit",
"expressing the limit value", "providing a justification", and "performing algebraic operations". Although the
indicators related to graphical and algebraic understanding levels were generally shaped around similar
components, the different nature of graphical understanding and algebraic understanding led to the development
of two separate categorical scoring charts. Accordingly, while "providing a justification"” was one of the
indicators relevant to the nature of graphical understanding level, "performing algebraic operations"” was one of
the indicators relevant to the nature of algebraic understanding level. The indicators in the scoring charts were
finalized by adding new indicators to cover all possible situations in the student responses obtained through the
pilot study. The understanding levels in the scoring charts are sub-category levels of graphical understanding
examined from the basic level perspective and algebraic understanding examined from the operational level
perspective. The sub-category levels of graphical understanding (GUO, GU1, GU2, GU3, GU4) and sub-category
levels of algebraic understanding (AUO, AU1, AU2, AU3, AU4) were determined by considering all possible
answers that could be given by the pre-service teachers to the questions in the open-ended exam. The responses
given by the pre-service teachers were scored from zero (0) points to four (4) points, which taking into account
the scoring chart. For example, a pre-service teacher -who made a "correct” decision on the existence of the
limit, expressed the limit value as "incorrect™ and gave a "partly” justification in the question Q1 asked to
determine the graphical understanding level- received "2" points due to the fact that he/she was at the GU2 level.
While the understanding levels were examined separately, frequency and percentage distributions were only
presented. In the process of comparing the graphical and algebraic understanding levels, the pre-service teachers’
total scores were taken into account. "Graphical Understanding Categorical Scoring Chart" used for data analysis
is given in Table 2.

Table 2. Graphical Understanding Categorical Scoring Chart

Question Q1land Q4 Question Q5
Deciding
Indicator the Expressing Providing a Indicator Expressing Providing a
Category existence the limit justification the limit justification
Level of the value Level value
limit

> GUO a No answer No answer No answer GUo a No answer No answer

= b Incorrect Incorrect Incorrect/No b Incorrect Incorrect/No

2 a Correct Incorrect Incorrect/No

g GU1 b Incorrect Correct Incorrect/No GU1 Incorrect Partly

g c Correct Correct Incorrect/No

5 d Incorrect Incorrect Partly

= a Correct Incorrect Partly

& GuU2 b incorrect Correct Partly Gu2 Correct Incorrect/No

§ GU3 a Correct Correct Partly GU3 Correct Partly

© GU4 b Correct Correct Adequate GuU4 Correct Adequate

"Algebraic Understanding Categorical Scoring Chart™ used for data analysis is given in Table 3.
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Table 3. Algebraic Understanding Categorical Scoring Chart

Question Q2 and Q6 Question Q3
Indicator Dect:;:jemg Expressing Performing Indicator Expressing Performing
Category — . the limit algebraic —— thelimit algebraic
existence - ¢
Level S value operation Level value operation
of the limit
a  Noanswer No answer No answer
a No answer No answer
b Incorrect Incorrect No
AUO0 AUO
c Incorrect Incorrect Incorrect
b Incorrect/No Incorrect
d Correct Incorrect No
e a__ Correct Correct No
E b Correct Incorrect Incorrect
g AUl ¢ Incorrect Correct Incorrect AUl Correct Incorrect
g d Correct Correct Incorrect
5 e Incorrect Incorrect Partly
o a Incorrect Incorrect Correct
s AU2 b Incorrect Correct Partly AU2 Incorrect/No Partly
@7 c Correct Incorrect Partly
< a Correct Correct Partly a Correct Partly
AU3 b Incorrect Correct Correct AU3
c Correct Incorrect Correct b Incorrect Correct
AU4 Correct Correct Correct AU4 Correct Correct

Frequency and percentages were determined for the indicators of each understanding level through analysis
of the data based on the categorical scoring charts. The pre-service teachers' graphical and algebraic
understanding levels were compared over such frequencies and percentages.

2.4. Validity and Reliability

Validity and reliability in this study were carried out on three cases as data collection tool, categorical scoring
chart, and data analysis. As validity and reliability of the data collection tool, the open-ended exam was created
to include the whole scope of the limit concept. Thus, the questions of this exam are associated with the intuitive
definition of the limit, right and left limit, infinite limits, algebraic operations and theorems related to the limit.
However, it was confirmed that the questions were suitable for determining the graphical and algebraic
understanding of the concept of limit by the opinion of an expert who is a mathematics educator. The opinions of
the expert were taken several times. Thus, a repetitive process was carried out for validity and reliability. As part
of the validity and reliability of categorical scoring charts, the opinions of an expert were taken after the charts
were developed as a result of the literature review. In accordance with these opinions, the indicators were
presented in a structure that would make them easier to notice rather than expressed in text. This structure also
facilitated to analyze the data. For finalizing the scoring charts, a preliminary data analysis was carried out. Thus,
possible indicators were prevented to not notice. In data analysis, the researchers coded the data independently to
ensure the coding reliability of the data. An 80% coding agreement was found between the researchers. The
researchers made the necessary arrangements by discussing the disagreements in coding.

2.5. Study Process

This study, which aimed to examine pre-service science teachers' graphical and algebraic understanding of
the concept of limit, was conducted after the pre-service teachers were provided with the required background in
the general mathematics course of fall semester of 2017-2018 academic year. The general mathematics 1 course
was taught by one of the authors, who was a mathematics educator. While teaching the concept of limit, the
meaning of the concept was emphasized through both graphical and algebraic operations. During the process of
this course, the meaning of the concept was emphasized through both graphs and algebraic operations. In this
respect, a teaching was intended to promote the pre-service teachers’ graphical and algebraic understanding in a
stable manner. The course was planned and conducted to serve this purpose. The content of this course was
shaped depending on three issues to teach the concept of limit. The first is to be lived a process related how the
values of a function change in the neighborhood of a certain point for the internalization of the definition of the
concept. The second is to examine or confirm the limit of each function on its graphs. The third is to discuss
what kind of algebraic operations can be performed to find the limit value of a function and to perform these
operations. At the end of the academic year, the pre-service teachers' understanding of the concept of limit was
determined through an open-ended exam. The exam lasted approximately 45 minutes, and the pre-service
teachers' answers to the questions were taken individually.
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3. Findings

The pre-service science teachers' graphical and algebraic understanding levels concerning the concept of
limit, and comparison of understanding levels are presented under three sub-titles in this section.

3.1. Findings Regarding the Pre-Service Science Teachers' Graphical Understanding Levels Concerning
the Concept of Limit

The answers of the pre-service science teachers to the questions aimed at determining their graphical
understanding levels were analyzed based on the indicators in the graphical understanding categorical scoring
chart. The frequency and percentage distribution obtained through this analysis are presented in Table 4.

Table 4. Frequency and Percentage Distribution of Graphical Understanding Levels

. Q1 Q4 . Q5

Question Question Total

Ql Qlb Q4 Q4b Q5 Q5b

Level f % f % f % f % Level f % f % f %
a 1 122 2 244 3 366 1 122 a 6 732 9 11

GUO GUO 106 21.54
b 16 195 17 207 7 854 3 3.66 b 22 268 19 232
a 1 122 21 256 4 4838 5 6.1
b 0 0 1 122 0 0 3 3.66

GU1 GU1 8 976 10 122 113 2297
c 21 256 3 366 20 244 8 0976
d 3 1366 O 0 1 122 4 488
a 1 122 5 61 3 366 1 122

GU2 GU2 14 171 12 146 37 752
b 0 0 0 0 0 0 1 122

GU3 29 354 7 854 3 427 27 329 GU3 5 61 4 488 107 21.75

GU4 10 122 26 317 9 11 29 354 GU4 27 329 28 341 129 26.22

As shown in Table 4, the pre-service teachers are concentrated at higher levels in terms of graphical
understanding of the limit, with approximately 48% at the GU3 and GU4 levels. When each level is examined, it
is seen that approximately 26% of the pre-service teachers are at the highest level, GU4, and nearly 22% are at
the GU3 level. When GUO and GUL1 levels are considered, it is noteworthy that about 45% of the pre-service
teachers are concentrated at lower levels in terms of graphical understanding. Therefore, it is evident that the
majority of the pre-service teachers have graphical understanding either at higher or at lower levels. A very small
proportion, approximately 8%, is at the GU2 level and has moderate graphical understanding.

The pre-service teachers' concentration at the GU4 level in terms of graphical understanding is seen to be due
to their answers to the questions Q1b, Q4b, Q5a, and Q5b in the open-ended exam. Figure 2 illustrates a sample
solution to Q4b, which a large part of the pre-service teachers (35.4%) correctly answered in terms of expressing
the existence of the limit and providing sufficient justification.

The graph of function f is given on the left
side. Determine whether the limit of
function f exist at the specified points, if
available, find the limit value on the graph,
and express your justification.

[Z The function f has a

limit.
b) lim f(x =ﬂ
)x-ozf( ) . D The function f has

no limit.

set»é“ ca 2olcdon
\Can 4‘:(()—.'. \"S}
<27

o \Seliant eslA olelad

[R8 PRSP

Justification:\t e £ () = {,3
x=2*

Weidimia Yo~ ¥ %
§Q sefa CWante  ~orelC,

* There are right-hand limit and left-hand limit. The limit exists because they are equal to each other.

Figure 2. Sample solution at the GU4 level for Q4b

As shown in Figure 2, the pre-service teacher made the right decision for the existence of the limit through
examinations from the right and left for the indicated point on the graph. In addition, he correctly expressed the
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limit value and provided a sufficient justification. Thus, he provided a solution relevant to the indicators at the
GU4 level.

The answers at the GU3 level mostly (42.7%) came out in the solution of Q4a. A sample solution for this
level is given in Figure 3.

The graph of function f is given on the left
side. Determine whether the limit of function
f exist at the specified points, if available,
find the limit value on the graph, and express

your justification.
DThe function f hasa
; limit.
7 gt a) li xX)=|=||—— —
........ ) )'E"“’ ) The function f has
' ' no limit.
< ' X
-5 -4 -3 -2 -1 2 4 Justification: Seld %"@L,(Gﬂ’! 5‘”‘ Uf.\(q
-1 d&‘%ﬂ’ yer geren 503,‘71,,.\‘ .doL(‘,s{.j‘g-

muda 59&-*

* There is a value when we approach from the left but no value when we approach from the right.

-2v

Figure 3. Sample solution at the GU3 level for Q4a

In Figure 3, the pre-service teacher made a right decision about the existence of the limit and stated the
correct limit value but provided an insufficient justification. The justification for this solution is insufficient
because it does not specify the number that the value it claims to exist when approaching the relevant point from
the left is equal to and does not associate the absence of the limit value when approaching from the right with
that the result turns out to be infinite.

Qb5a and Q5b are the questions where the pre-service teachers are concentrated at the GUO level. There is
also a considerable concentration at this level in Qla and Q1b, (19.5% and 20.7%, respectively). The majority of
the pre-service teachers (25.6%) answered the same questions at the GU1 level. Figure 4 shows the solutions at
the GUO level of two different pre-service teachers misstating the existence of the limit, the limit value, and the
rationale.

The graph of function f is given on the left side.
Determine whether the limit of function f exist
at the specified points, if available, find the limit
value on the graph, and express your
justification.

The function f hasa

. _.@ | limit. _
a) Ll_l:% fe) = (] The function f has

no limit.

lwﬂiﬂwm“‘{'ﬂ{ﬂ} o'a skﬂﬂ‘h@n Y _—
L'jl:rgl" b 3"&,:?..‘
b The function f hasa
. limit.
? b) xIerl f() :E @ The function f has
] _ no limit.
|umncauon:SQ“s ge {olden 15 pmig Yo~
-4
esvk deyry
- \SDJ-éﬂ"\.': {om h{"\"\\b
N ' I
©ldam 5 R

* While f{x) approaches to 0 and y approaches to —o
** Right-hand limit and left-hand limit values do not equal.
Right-hand limit=1

Left-hand limit = o © HIE

Figure 4. Sample solutions at the GUO level for Q1a and Q1b
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As shown in Figure 4, in Qla, the pre-service teacher made a wrong decision about the existence of the limit
considering that the limit value of a function in the set of real numbers could be infinite. Furthermore, he could
not justify the non-existence of the limit of the function as the results —co and +oco were reached, respectively
when the relevant point was approached from the right and left. When the pre-service teacher examined the limit
of the function from the right and left at the relevant point on the graph in Q1b, he found the limit values as 1
and oo, respectively, thereby deciding that there was no limit. The expected answer from the pre-service teacher
was that the limit exists at the relevant point, and its value is 0.

The pre-service teachers gave fewest answers at the GU2 level in terms of graphical understanding. The
solutions at the GU2 level of the two pre-service teachers who correctly stated the limit value but provided an
incorrect justification (Q5a) or provided no justification (Q5b) are presented in Figure 5.

Ly The graph of function f is given on the left side.
§ Determine whether the limit of function f exist at
the specified points, if available, find the limit value
> on the graph, and express your justification.

g/

Justification: O' o .sek'séc/\ ablenrten
-3 cotks -k tenimlt
O'de  degil ks —STOR
Ter dao

) Jimf@) =[L]
- Justification:

~ Lirg fle)= 4
= b7

r

* While approaching O from the right, it equals to -3 because it's defined in -3. It's not defined in 0 because the
point of -3 is full.

Figure 5. Sample solutions at the GU2 level for Q5a and Q5b

As shown in Figure 5, although the pre-service teacher correctly stated the limit value of the relevant point
from the right in Q5a, the justification he provided was not sufficient. The pre-service teacher provided a
justification pointing out that the limit value of the function at a point should be defined at that point. This shows
that the pre-service teacher made a decision depending on the inclusion of the value at the relevant point in the
value set of the function and provided a partial justification. In Q5b, the other pre-service teacher correctly stated
the limit of the function from the left at the relevant point but did not provide any justification.

3.2. Findings Regarding the Pre-Service Science Teachers' Algebraic Understanding Levels Concerning
the Concept of Limit

The answers of the pre-service science teachers to the questions aimed at determining their algebraic
understanding levels were analyzed based on the indicators in the algebraic understanding categorical scoring
chart. The frequency and percentage distribution obtained from this analysis are presented in Table 5.

Table 5. Frequency and Percentage Distribution of Algebraic Understanding Levels

Question Q2 Q6A e Q6b Question Q3 Total
Level f % f % f % Level f % f %
a 6 7.32 4 4.88 6 7.32
a 31 37.8

AUO b 3 3.66 4 4.88 3 3.66 AUO 132 402
c 18 22 1 1.22 0 0 b 39 476
d 5 6.1 5 6.1 7 8.54 )
a 2 2.44 4 4.88 3 3.66
b 5 6.1 1 1.22 3 3.66

AU1 c 0 0 0 0 0 0 AUl 4 4.88 78 23.8
d 18 22 0 0 0 0
e 9 11 13 15.9 16 19.5
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Table 5 continued

Question Q2 Q6A 05 Q6b Question Q3 Total
Level f % f % f % Level f % f %

a 0 0 0 0 0 0

AU2 b 0 0 0 0 0 0 AU2 2 2.44 13 3.96
C 7 8.54 0 0 4 4.88
a 9 11 16 19.5 13 15.9 a 0 0

AU3 b 0 0 0 0 0 0 AU3 100 30.5
c 0 0 34 415 27 32.9 b 1 1.22

AU4 0 0 0 0 0 0 AU4 5 6.1 5 1.52

As shown in Table 5, 64% of the pre-service teachers are concentrated at the AUO and AU levels in terms of
algebraic understanding. Approximately 32% of the pre-service teachers are at the AU3 and AU4 levels. This
shows that the majority of pre-service teachers have a low level of algebraic understanding of the concept of
limit. Approximately 4% of the pre-service teachers are at the AU2 level, which refers to moderate algebraic
understanding. This level has the lowest percentage after AU4 (1.52%).

The pre-service teachers' concentration at the AUO level resulted from their answers to Q3 in the open-ended
exam. Another question that caused them to be at this level is Q2. The Q3 solutions of two pre-service teachers
who misstated the limit value by performing algebraic operations incorrectly are given in Figure 6.

3) Find the limit value of lim x(ex — 1).

L = nAY
x\szX(c_ﬂ: oq.(\/{i?:m.o =0
- 4

eyl Zals
X " Tep

. 4
e x (e* -} ) s lim .0
x> P 3 R —

A - lisn (2l O’J- s
L 05 S Le’-1)

Linma og.(L—J)
%D A

Figure 6. Sample solutions for AUO level related to Q3

As shown in Figure 6, although both pre-service teachers reached the uncertainty 0.c0 by performing
algebraic operations, they could not notice that this expression was a situation of uncertainty. One of the pre-
service teachers misstated the result of this expression as “0” and another pre-service teacher as “c0”. On the
other hand, in this question, it was expected from the pre-service teachers to perform the right algebraic
operations to eliminate this uncertainty and find the limit value as “1”.

Among the algebraic understanding levels, AU3 has the highest percentage (30.5%) after the AUO level. The
answers associated with this level mostly came out in question Q6, and these answers had a percentage of 61%
for Q6a and 48.8% for Q6b. Figure 7 presents the Q6 solutions of two different pre-service teachers who reached
the correct limit value by making the right decision for the existence of the limit and performing partly correct
algebraic operations.
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2cosx, x<0
6) Determine whether the limit of the function f(x) ={cosx + 1, 0 < x < m exists at the
—sinx, X>T

specified points and if available, calculate the limit value.

lim f(x) B The function f has a limit. [X] The function f has a limit.
- X) = : o~
e [:] The function f has no limit. }:.?,‘;f x)=| © .
i D The function f has no limit.
& X LN i
oS X+ A\ R : ‘
. > v Ve PO 5 W e “\
\__’—-—-ﬂ
*o\tsi\jo«unu oz K Dt XD
N
s o | = Al
hea O = cosO - A "
= 2 A (PPN -et&) ,-5 }(,..;;l-\} 2 3 ’,He’u;h“(}
- - -l
X =0T .} \
wWon )Y cosO ) o e;?";(“
- - ‘
R S O = Nitak X = s
= 2
* We use the function ofcosx +1, 0<x < ** The right-hand limit and the left-hand limit values
equal to each other.

Figure 7. Sample solutions at the AU3 level for Q6a and Q6b

The answers relevant to the AU4 level, which is the highest level of algebraic understanding, appeared only
in Q6. Therefore, the number of the pre-service teachers having algebraic understanding at this level is quite
small. The understanding level having the lowest percentage after this level is AU2. Figure 8 illustrates the AU2-
level solution of a pre-service teacher who made the right decision for the existence of the limit but reached a
wrong limit value by performing partly correct algebraic operations.

: . . InfxT .
2) Determine whether the limit of the function f(x) = —— exists at x = 0 and calculate the limit value,
X

if available.

[] The function f has a limit I E’The function f has no limit

ben Lnlkls'lgjg]_; _9%— - PodJaSI ) chlqéu. TN Yonnsizdit)”
®af X 0

* Since the denominator is 0, it is undefined.

Figure 8. Sample solution at the AU2 level for Q2

As shown in Figure 8, the pre-service teacher carried out algebraic operations without examining the limits of
the function from the right and left at the relevant point. In this context, the pre-service teacher performed a
partly correct algebraic operation by stating that the result of the expression lim,_,q In|x| was “c0”. After this

algebraic operation, he made the right decision for the existence of the limit by defining the expression % as
undefined directly without performing some operation steps in between.

3.3. Comparison of the Pre-Service Teachers' Graphical and Algebraic Understanding Levels Concerning
the Concept of Limit

The pre-service teachers' graphical and algebraic understanding levels concerning the concept of limit were
compared by considering equivalent questions. To this end, the percentages of each pair of questions relevant to
understanding levels were determined. In addition, percentages were determined for each level in terms of
graphical and algebraic understanding, and comparisons were made.
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Firstly, it was aimed to determine the pre-service teachers' graphical and algebraic understanding levels in
each pair of equivalent questions (Q1-Q2, Q4-Q3, and Q5-Q6). Table 6 presents the comparison of graphical and
algebraic understanding levels over equivalent questions.

Table 6. Comparison of Understanding Levels over Equivalent Questions

Equivalent Questions

Graphical — Algebraic

Understanding Levels GU AU GU AU GU AU
Q1 (%) Q2 (%) Q4 (%) Q3 (%) Q5 (%) Q6 (%)
Level 0 21.95 39.02 8.54 85.37 34.15 18.29
Level 1 30.49 41.46 27.44 4.87 10.98 24.39
Level 2 3.66 8.54 3.05 2.44 15.85 2.44
Level 3 21.95 10.98 37.8 1.22 5.48 54.88
Level 4 21.95 0 23.17 6.1 33.54 0

As shown in Table 6, in general, the pre-service teachers were able to correctly determine the limit value of
the function stated in the equivalent questions over the graph. Therefore, the pre-service teachers are at higher
levels in the questions associated with graphical understanding (Q1 and Q4) in the first two pairs of equivalent
questions (Q1 and Q2 and Q4 and Q3). However, in Q5 and Q6, approximately 39% are at higher graphical
understanding levels, and about 55% are at higher algebraic understanding levels. This shows that the pre-service
teachers are at higher levels in terms of algebraic understanding in the last pair of equivalent questions. Although
the pre-service teachers are at higher algebraic understanding levels (54.88% at the AU3 level) in this pair of
questions, they could not provide an answer at the AU4 level (0%), which is the highest level.

Graph 1 shows a comparison of the pre-service teachers' levels of understanding the concept of limit in
graphical and algebraic terms.
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Graph 1. Comparison of the understanding levels in graphical and algebraic terms

As shown in Graph 1, when each level of understanding is examined graphically and algebraically, it is seen
that algebraic understanding of the limit is generally higher at lower levels. It is observed that the algebraic
understanding rate for the limit is higher than the graphical understanding rate (GUO: 21.54%; AUO: 40.2%) at
the level 0, which is considered as the lowest level. This indicates that the pre-service teachers are at a lower
level in terms of algebraic understanding. It is seen that graphical understanding has higher rates in higher
understanding levels. It is particularly noteworthy that the graphical understanding level of the pre-service
teachers has quite a high rate compared to algebraic understanding (GU4: 26.22%; AU4: 1.52%) at the fourth
level. Therefore, it is apparent that the pre-service teachers' graphical understanding of the limit is more
prominent than their algebraic understanding.

4. Discussion, Conclusion, and Recommendations

This study aimed to examine pre-service science teachers' graphical and algebraic understanding levels
concerning the concept of limit. To this end, an open-ended exam was administered to the pre-service teachers,
and their graphical and algebraic understanding levels were determined. Based on the findings, it was concluded
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that the pre-service teachers' graphical understanding of the concept of limit is generally at high level. However,
their algebraic understanding was determined to be at low level. This indicates that although the pre-service
teachers can easily determine the limit value of a function on the graph, they cannot reach the limit value by
correctly performing algebraic operations in general. The fact that the pre-service science teachers frequently
encounter situations that require them to make interpretations through graphs in major area courses such as
physics, chemistry, and biology may have contributed to their higher level of graphical understanding. Graphs
are one of the concrete materials that are frequently used to facilitate learning and increase the permanence of
what is learned in science classes (Tasdemir, Demirbas, & Bozdogan, 2005). Tasar, Ingec and Giines (2002)
emphasized the importance of the skills of drawing graphs and understanding in the process of obtaining results
from experiments carried out in science classes. They stated that drawing graphs and interpretation are
frequently used in experiments performed in laboratory classes, especially in the stages of recording data, data
classification, finding the significant relationships between them, and presenting the results. Bowen and Roth
(2003), stating that graphs provide concretization by presenting a summary of the relationship between two or
more variables, emphasize that that they are a very basic concretization tool for science. The expressions stated
by Bowen and Roth (2003) are important with regards to justify to the result "pre-service science teachers’
graphical understanding was at a high level" obtained from this study. In addition, the fact that the graph of a
function visually provides concrete data about the behavior of that function around the relevant point may have
supported the higher level of graphical understanding among the pre-service teachers. As a matter of fact, Arslan
and Celik (2013) pointed out the importance of analyzing tables and graphs in forming a conceptual basis for the
behavior of a function around a certain point before moving to the formal definition of the limit. It can be said
that the use of the table and graph analysis approach, which is important for the creation of the intuitive
definition, in the general mathematics course is one of the reasons that led to the higher level of graphical
understanding among the pre-service teachers. The existence of studies indicating that students are more
successful in understanding the intuitive definition of the limit (Cottrill et al., 1996; 1. Cetin, 2009) supports this
result. The pre-service teachers' high level of graphical understanding means that they were able to determine the
limit value from the right and left at the relevant point on the graph and thus make appropriate decisions about
the existence of the limit of the function and provide adequate justifications.

It was determined to be more difficult for the pre-service teachers to decide the existence of the limit on a
graph if the limit of a function turns out to be infinite around a real number from the right or left. However, they
were found to be able to decide the existence of the limit much more easily when the value of the limit of a
function around a real number turns out to be again a real number. This may be because the concept of the
infinity is not fully imprinted in the minds of students. Ozmantar (2013) stated that although the concept of the
infinity is included in curricula from pre-school to university level, students have difficulty in making sense of
this concept at all levels. Singer and Voica (2003) noted that the intuitive understanding of the infinity by
students at primary school level is an obstacle to the construction of the true meaning of this concept. Tsamir and
Dreyfus (2002) reported that high school and university students have inconsistent ideas about the concept of the
infinity. Therefore, it is possible that the pre-service teachers could not correctly decide the limit value of a
function when the limit of the function from the left or right turned out to be infinite because they could not
internalize the concept of the infinity. The existence of studies emphasizing the concept of the infinity as an
epistemological obstacle to understanding the concept of limit (Elia et al., 2009; Sierpinska, 1987) explains this
result.

It was found that the pre-service teachers' graphical understanding was at a higher level in terms of deciding
the existence of the limit of a function and finding the limit value on the piecewise function graph. One of the
reasons for this may be that the pre-service teachers encountered more piecewise functions and operations
performed on these functions in their previous education. Another reason may be that the right and left limit
values of functions are generally examined through piecewise function examples at both high school and
undergraduate levels. In addition, the fact that the value of the limit turned out to be a finite real number through
examination of the limit from one side (only from right or only from left) in the piecewise function question
aimed at determining graphical understanding may have caused the pre-service teachers to have higher graphical
understanding in that question.

The fact that the limit value turned out to be infinite from one side when examining the limit value in the
neighborhood of a certain point in the piecewise function graphs generally posed a problem for the pre-service
teachers. However, the fact that the limit value turned out to be a real number in the piecewise function question
in the open-ended exam may have also led to a higher level of graphical understanding among the pre-service
teachers. There was also a case where the pre-service teachers had difficulty although their graphical
understanding was at a high level in the piecewise function question. The pre-service teachers who ignored the
fact that the limit does not need to be defined at the point where it is examined attempted to examine the
continuity of the function when determining the limit value and thus were mistaken.
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The lowness of the pre-service teachers' algebraic understanding means that they could not perform algebraic
operations correctly, could not make the right decision about the existence of the limit, and thus could not reach
the correct limit value. The fact that the pre-service science teachers were more prone to reading and interpreting
graphs might have caused their algebraic understanding to be found low. Baki and Cekmez (2012) emphasized
that algebraic representations should be supported by graphs in teaching the formal definition of the limit to pre-
service mathematics teachers. Attention should be paid to performing algebraic operations, in addition to the use
of graphs, in teaching the intuitive definition of the limit to pre-service science teachers. Similarly, Fernandez
(2004) did not give the formal definition of the limit to the pre-service mathematics teachers directly. In that
study, the pre-service teachers discussed the formal definition of functions by engaging in both graphical and
algebraic examinations over a single example. In this respect, when teaching the limit to pre-service science
teachers, learning environments that allow to them to determine the limit value through both graphical and
algebraic examinations over the same example may be created. This may help pre-service science teachers to
attain conceptual understanding of the limit.

One of the questions where the pre-service teachers had low level of algebraic understanding was the
question about uncertainty. Algebraic understanding was also found to be low in the question involving finding
the limit value of the rational function including logarithm and absolute value functions. Their failure in
performing the required algebraic operations in the uncertainty situation 0.co included in the open-ended exam

may have resulted from their familiarity with the uncertainty situations % and % more. Ozmantar and Yesildere

(2013) determined that the students could not perform the necessary operations to eliminate the uncertainty in
some uncertainty situations they encountered when taking the limit. In fact, the operations to perform to find the
limit in an uncertainty situation are the steps that form the basis of algebraic understanding. The reasons for wide
failure in answering the question about the rational function may be the pre-service teachers' imperfect
knowledge of the definition of the logarithm and absolute value functions and their less experience in algebraic
operations concerning these functions. Bukova (2006) stated that as the type of a function changes, the
difficulties experienced by the students in taking the limit increase. In addition, that study found out that the
students who did not have experience with different types of functions had problems in the concepts of the limit,
continuity, and derivative depending on the type of the function, which supports this result obtained in the
present study. On the other hand, the pre-service teachers were able to correctly perform the algebraic operations
in the piecewise function question, which was another question associated with algebraic understanding. The
reason may be that the two-step examination of the limit from the right and left is similar to the nature of the
piecewise function. Another reason may be that in general, examples concerning piecewise functions were
preferred in the examination of the limit of the functions from the right and left through algebraic operations, as
was the case over graphs.

When the graphical and algebraic understanding of the pre-service teachers was compared over the
equivalent questions in the open-ended exam, significant differences were found in terms of understanding
levels. The rate of the pre-service teachers who were at higher levels of understanding in the algebraic form of
the rational function was quite low compared to that of the pre-service teachers who attained high levels in the
graphical form of the same question. A similar situation was observed in the results obtained from the graphical
and algebraic forms of the question regarding uncertainty as well. However, the pre-service teachers were able to
reach high levels of understanding in the algebraically expressed piecewise function question. They were
determined to be able to reach the high algebraic understanding level only with the answers they gave to this
question. This study described a current situation by examining the graphical and algebraic understanding of the
pre-service science teachers. We think that the results obtained from this study will give an idea to the faculty
members about the teaching practices in order to support the graphical and algebraic understanding of pre-
service science teachers in a teaching on the concept of limit. Future studies may design a learning environment
to support pre-service science teachers' algebraic understanding of the concept of limit and focus on how this
environment contributes to the improvement of pre-service teachers' algebraic understanding levels. Within the
scope of this study, in a sense, “a photograph of the current situation” was taken without any intervention to
teaching process. In future studies, through interventions that will promote both understanding levels (e.g. design
of learning environments), it can be examined in more depth how pre-service teachers’ understanding levels
change.
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Fen Bilgisi Ogretmen Adaylarimin Limit Kavramina Yénelik Grafiksel ve Cebirsel
Anlamalarimin Incelenmesi

1. Giris

Matematik, giinliikk yasamimizda karsilastigimiz birgok problemi ¢ézmeye yardimci olan ve yasamimizi
kolaylastiran bir rol {istlenmektedir (Davis, Hersch ve Marchisotto, 2015). Bununla birlikte nitelikli bir yasam
stirdiirebilme yolunda bir meslek edinmenin 6n sartlarindan biri de belirli diizeyde matematik bilgisine sahip
olabilmektir. Bu anlayig; fen bilimlerinin, sosyal bilimlerin ve saglik bilimlerinin temel diizeyden ileri diizeye
kadar matematigin kullanimmni gerektirdigini gostermektedir. Dolayisiyla gerek ticaret ve mithendislikte gerekse
temel bilimlerde matematiksel kavram bilgisi ile iglemleri etkili bir sekilde yiiriitebilme bilgisinin kullanimi
kagmilmazdir (Travers ve Westbury, 1989). Universite egitiminde birgok fakiiltede lisans programlar1 ayirt
edilmeksizin matematik derslerine yer verilmesi de bu durumu destekler niteliktedir.

Lisans egitimi siirecinde gerek analiz gerekse genel matematik adi altinda dersler verilmekte ve bu derslerde
cesitli matematiksel kavramlar ele alinmaktadir. Kiime, baginti, fonksiyon, limit, stireklilik, tiirev ve integral bu
temel kavramlar arasindadir. Bu matematiksel kavramlar tipki bir zincir halkasi gibi birbirine baglidir (Dede ve
Argiin, 2004; Oztiirk, 2016). Baska bir ifadeyle herhangi bir kavram daha dnceki kavramlarin olusturdugu temel
lizerine insa edilerek sekillenmektedir (O’Halloran, 2015). Siireklilik, tiirev ve integral kavramlarmnin
sekillendirilmesinde de temel teskil eden 6nemli kavramlardan biri limittir (Arslan ve Celik, 2013; Cornu, 2002,
N. Cetin, 2009). Cember igerisine yerlestirilen diizgiin cokgenin kenar sayisinin arttirilmasiyla alan hesabinin
yapilmasit (Milli Egitim Bakanligi [MEB], 2005), fonksiyonlarm asimptotlarmm belirlenmesi, geometrik
serilerin toplaminin hesaplanmasi (Parameswaran, 2007), tiirev ve integral tanimlarinin olusturulmasi (Cornu,
2002; Denbel, 2014) gibi birgok durumda limit kavramina bagvurulmaktadir. Bu bakimdan limit kavraminin tam
anlamiyla 6grenilmemesi durumunda analiz ya da genel matematik derslerine yonelik yiizeysel bilgiler
edinilmesinin kagmilmaz olacag1 sdylenebilir (Arslan ve Celik, 2013; Ozmantar ve Yesildere, 2013; Lee, 1992).

Analiz ve genel matematigin neredeyse biitiin konularmin merkezindeki limit, egitim fakiiltelerinin lisans
programlarindan biri olan fen bilgisi 6gretmenliginde de yer almaktadir. Limit soyut kavramlarn zihinde yer
edinebilmesinde matematik i¢in 6nemli goriilse de fizik, kimya, biyoloji gibi fen bilimlerinin farkli alanlarinda
da limitin énemi yadsmamaz. Ornegin, fizik alaninda bir noktadaki basing degerinin hesaplanmasi, biyoloji
alaninda siirdiiriilebilir popiilasyonun tahmin edilmesi, kimya alaninda ise termodinamik dengenin saglanmasi
limit kavramryla iliskili olan durumlardir. Bu bakimdan fen bilimlerinde temel diizeyde de olsa limit kavramina
yonelik bir alt yapi olusturulmasma ihtiyag vardir. Bir fen bilgisi 6gretmeninin fizik, kimya ve biyoloji
alanlarinin her birine yonelik yeterli diizeyde bilgi ve donanima sahip olmakla birlikte (Akpinar ve Ergin, 2004;
Bardak ve Karamustafaoglu, 2016) temel diizeyde fonksiyon bilgisine ve fonksiyonun belirli bir nokta
civarindaki davranigini betimleyen limit kavrami bilgisine sahip olmasi gerekmektedir. Bu anlamda fen bilgisi
Ogretmenligi programinda yliriitiilen genel matematik dersi kapsaminda limit kavrami ele alinmaktadir. Bu
dersin igeriginde limit kavrammn formal tanim1 (¢ — § tanimi) verilmeyip sezgisel tanimia yer verilmektedir.
Limitin sezgisel tanimi “Bir f fonksiyonu x, noktasinin komsulugundaki tim x degerleri i¢in tamiml (x,
noktasinda tanimli olmak zorunda degil) olsun. x, x,’a yeterince yaklastiginda f(x) de bir L reel sayisina
yaklasiyorsa x, x,’a giderken f(x)’in limiti L olarak ifade edilir ve lim,_,, f(x) = L ile gosterilir.” seklinde
ele alinmaktadir (Ertem-Akbas, 2016).

Matematiksel kavramlarin anlagilmasinda hiyerarsik bir yap1 soz konusudur. Gerek geometri gerekse analiz
kavramlariin 6grenciler tarafindan 6grenilmesinde ¢esitli anlama diizeyleri mevcuttur. Van Hiele (1957),
geometri kavramlarini anlamaya yonelik diizeyler tanimlarken Fless (1988) ile Lee (1992) analiz kavramlarmi
anlamaya yonelik diizeyler tanimlamistir. Analiz kavramlarindan limiti anlamaya yonelik c¢esitli diizeyler
belirleyen Lee (1992), limit ile birlikte tiirevi ele alan Fless’in (1988) anlama diizeylerini temel almistir. Ancak
Lee (1992) sadece limit kavramina odaklanarak anlama diizeylerini tek bir kavram lizerinden daha derinlemesine
incelemistir. Lee (1992) limit kavramina yonelik anlama diizeylerini temel diizey, islemsel diizey, gegis diizeyi,
tist (rigorous) diizey Ve soyut diizey olarak tammlamustir. Temel diizey, limitin formal tanimina gerek kalmaksizin
bir fonksiyon ya da dizinin limitinin varligi ya da yoklugunun saysal degerler verilerek veya grafik iizerinden
belirlenebildigi diizeydir. Islemsel diizey, limitin gerektirdigi 6zellikleri kullanarak bir fonksiyon ya da dizinin
limitinin belirlendigi diizeydir. Bu diizeyin dogas1 geregi formal tanima bagvurmaksizin algoritmik islemler
yuriitiiliir. Gegiys diizeyi, limit kavraminin € — § taniminda yer alan notasyon ve terminolojinin hem sézel hem de
grafiksel olarak agiklanabildigi diizeydir. Bu diizey, bazi temel teoremlerin hangi durumlarda kullanilabilecegine
karar verme yeterliligi de gerektirmektedir. Ust diizey, ilk iig diizeyin gerektirdigi yeterliliklerin yan1 sira limit ile
ilgili dnermelerin ispatlarini yapabilmeyi icermektedir. Soyut diizey ise 6nceki diizeyler ile ilgili yeterliliklere ek
olarak limitin matematikteki roliiniin 6neminin farkinda olmay1 ve limit tanimmi farkli boyutlardaki uzaylara
uygulayarak genellemeler yapabilmeyi gerektirmektedir. Bu diizeylerden ilk ikisinde limitin formal tanimini
kullanmaksizin daha ¢ok grafiksel olarak ve cebirsel islemler araciligryla temel diizeyde bir anlamlandirma s6z
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konusudur. Diger ii¢ diizey ise daha ¢ok matematik alanina yonelik uzmanlagma siirecinde erisilmesi beklenen
diizeylerdir. Elia, Gagatsis, Panaoura, Zachariads ve Zoulinaki (2009) limitin cebirsel ve geometrik gosterimleri
birlestiren temel kavramlardan biri oldugunu belirterek 6gretimde her iki gdsterimi birlikte kullanmanin bu
kavramm tam olarak anlagilmasina katki saglayacagina vurgu yapmistir. Boylece limit kavramimin
anlasilmasinda grafiksel ve cebirsel anlammin 6nemine isaret etmislerdir. Bununla birlikte genel matematik
dersinde fen bilgisi 6gretmen adaylarimin limit kavramini daha ¢ok grafikler ve cebirsel islemler {izerinden
O0grenmesi, adaylarm grafiksel ve cebirsel anlama diizeylerinin incelenmesini anlamli kilmaktadir. Mevcut
caligmada limit kavramima yonelik anlama diizeylerinden temel diizey ve islemsel diizeye odaklanilmistir. Lee
(1992) tarafindan anlama diizeylerine yonelik yapilan tanimlamalar dikkate alinarak femel diizey “grafiksel
anlama”, islemsel diizey ise “cebirsel anlama” perspektifinden incelenmistir.

Alanyazin incelendiginde limit kavramma yonelik bir¢cok ¢aligma yapildig1 goriilmektedir (Baki ve Cekmez,
2012; Bastiirk ve Donmez, 2011; Biber ve Argiin, 2015; Cildir, 2012; Denbel, 2014; Ertem-Akbas, 2016, Lee,
1992; 1. Cetin, 2009; Kepceoglu ve Yavuz, 2016; N. Cetin, 2009; Parameswaran, 2007; Tall ve Vinner, 1981;
Williams, 1991 vb.). Bu ¢aligmalarda genel olarak 6grenme ortami tasariminin limit kavrammimn 6grenilmesine
etkisi, limitin formal tanimma yonelik 6grenci anlamalari, limit ve siireklilik ile ilgili kavram yanilgilarmin
incelenmesine odaklanilmistir. Ayrica g¢aligmalarin biiylik bir kismi, matematik Ogretmeni adaylart ile
yuriitiilmiistiir. Lee (1992) lise matematik 6gretmeni adaylar: ile yiiriittiigii ¢calismada adaylarin limite yonelik
anlamalarin1 pedagojik alan bilgisinin bazi bilesenleri agisindan degerlendirmistir. Baki ve Cekmez (2012) ise
ilk6gretim matematik Ogretmeni adaylarmin limitin formal tanimina yonelik anlamalarmi incelemistir.
Kepgeoglu ve Yavuz’un (2017) deneysel ¢alismasinda GeoGebra yazilimiyla limit ve siireklilik 6gretiminin
matematik 6gretmen adaylarinin basarisina etkisini incelemek amaglanmistir. Kepgeoglu ve Yavuz (2017)
tarafindan yapilan bu caligma, bir 6grenme ortaminin limit kavraminin 6grenilmesine etkisinin belirlenmesine
yoneliktir. Biber ve Argiin (2015), diger arastirmacilardan farkli olarak matematik 6gretmeni adaylar1 tarafindan
iki degiskenli fonksiyonlarda limit kavrammin nasil yapilandirildig: iizerine bir ¢alisma yiirtitmiistiir. Kavram
yanilgisina yonelik yapilan caligmalar incelendiginde Bastiitk ve Donmez (2011) matematik 6gretmeni
adaylarmin limit ve siireklilik ile ilgili yanilgilar1 {izerine incelemeler yaparken Cildir (2012) fizik dgretmen
adaylarmin limit ile ilgili kavram yanilgilarma odaklanmistir. Cildir’m (2012) yiiriittiigii ¢alismada fizik
ogretmenligi programinda yer alan genel matematik dersinin iglenisine yonelik adaylardan goriisler de alimmustir.
Yapilan arastirmalar dikkate alindiginda limit kavrammin matematik d6gretmeni adaylar1 disindaki bir ¢alisma
grubuyla gerek sezgisel gerekse cebirsel anlamalarmin incelendigi ¢aligmalarin az sayida oldugu anlasilmaktadir.
Grafiksel ve cebirsel anlamaya yonelik caligmalarin az sayida olmasi ve limit kavrami temel alinarak yapilan
¢aligmalarin ¢ogunlukla matematik 6gretmeni adaylari ile yiiriitiilmesi bu alanda bir ¢aligmaya ihtiya¢ olduguna
isaret etmektedir. Bu baglamda caligmanin amaci, fen bilgisi 6gretmen adaylarmm limit kavramma yonelik
grafiksel ve cebirsel anlama diizeylerinin incelenmesidir. Calismanimn arastirma problemi ise “Fen bilgisi
Ogretmen adaylarmm limit kavramina yonelik grafiksel ve cebirsel anlama diizeyleri nelerdir?” seklindedir. Bu
betimsel ¢aligma, limit kavramimnin kullanilmasini gerektiren alan (fizik, kimya ve biyoloji) derslerini 6gretmen
adaylarmin daha iyi anlamalarina zemin olusturmak amaciyla dgretim iiyelerine genel matematik ders igerigini
sekillendirmeleri agisindan katki saglayabilir.

2. Yontem

Genel matematik dersini almig olan fen bilgisi 6gretmen adaylarinin limit kavramima yonelik grafiksel ve
cebirsel anlama diizeylerinin incelenmesinin amaglandigi bu arastrma betimsel bir aragtirmadir. Betimsel
aragtirmalar, ilizerinde ¢alisilan olgulara veya olaylara aragtirmacilar tarafindan herhangi bir miidahalenin
yapilmadig1 aragtirmalardir (Sonmez ve Alacapinar, 2014). Olgunun ve olayin ‘ne’ oldugunu bir miidahale
yapmaksizin ortaya c¢ikarma amaciyla yiiriitillen betimsel aragtirmalar, mevcut durumun degisimini veya
gelisimini saglayacak herhangi bir girisim niteligi tagimamaktir. Limit kavrami fen bilgisi 6gretmenligi
programinda genel matematik dersi kapsaminda ele alinan kavramlardan biridir. Bu g¢alismada 6gretmen
adaylarimin egitim-6gretim donemi sonunda limit kavramina yonelik anlama diizeyleri incelenmistir. Dersler
haftalik program dahilinde dogal akisinda yiiriitilmiistiir. Dolayisiyla anlama diizeylerini incelemek iizere
aragtirmacilar tarafindan 6gretmen adaylarina herhangi bir 6gretimsel miidahale yapilmamistir. Mevcut olgu,
adaylarin grafiksel ve cebirsel 6grenme diizeyleridir. Bu olguyu belirlemek iizere adaylara ac¢ik uglu bir smav
uygulanmis ve bu smava verilen yanitlar dikkate alinarak anlama diizeyleri belirlenmistir. Bu dogrultuda
Ogretmen adaylarmnin limit kavramma yonelik grafiksel ve cebirsel anlamalar1 betimsel bir perspektiften
biitiinciil olarak yansitilmaya ¢aligilmistir.

2.1. Katihmecilar

Aragtirmanin katilimeilari, bir devlet tiniversitesinde fen bilgisi dgretmenligi programmin birinci smifinda
O0grenim goren toplam 82 6gretmen adayidir. Bu adaylar, genel matematik 1 dersi alan ve iki farkli subede
O0grenim goren dgrencilerin tamamidir. Katilimeilarm belirlenmesinde olasiliksiz 6rnekleme tiirlerinden amagli
ornekleme yontemi benimsenmistir. Amagli 6rnekleme, kesfetmek ve anlamak istenilen bir olaya ya da olguya
yonelik bircok seyin 6grenilebilecegi bir drneklem se¢iminin zorunlu oldugu varsayimina dayanir (Merriam,
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2015). Arastirma grubunun fen bilgisi 6gretmen adaylar1 olarak belirlenmesinin sebebi, fen bilgisi programinda

yiiriitillen genel matematik dersinde arastirmanin amaciyla iliskili olarak limit kavramimin daha ¢ok grafiksel ve
cebirsel anlamalar baglaminda temel diizeyde islenmesidir.

2.2. Veri Toplama Araci

Limit kavramima yonelik grafiksel ve cebirsel anlamalar1 belirlemeye yonelik toplam 6 sorudan olusan agik
uclu bir siav kullanilmistir. Sinavda yer alan sorularin grafiksel ve cebirsel olarak siniflandirilmasi ve sorular
ile ilgili agiklamalar Tablo 1°de sunulmustur.

Tablo 1. Sorularm Icerigine Yonelik Aciklamalar

Anlama Sorular Aciklamalar

Fonksiyonun limit degerinin grafik iizerinden sonsuz olarak belirlenmesinin
a reel sayilar kiimesi lizerinde limitin mevcut olmadiginin bir gdstergesi
olduguna karar verilmesi ve gerekce sunulmasini gerektirmektedir.

Grafik tizerinde sagdan ve soldan limit degerlerinin birbirine esit oldugunun
b  belirlenmesini, fonksiyonun limitinin varligimi karar verilmesini ve gerekce
sunulmasini gerektirmektedir.

Grafik tizerinde fonksiyonun limit degerinin bir taraftan sonsuz olarak
a  belirlenmesinin limitin mevcut olmadiginin bir gostergesi olduguna karar

. erilmesi ve gerekce sunulmasini gerektirmektedir.
Grafiksel 4 Y ves §¢ Sulll £

Grafik tizerinde sagdan ve soldan limit degerlerinin birbirine esit oldugunun
b  belirlenmesini, fonksiyonun limitinin varligmma karar verilmesini ve gerekge
sunulmasimni gerektirmektedir.

Belirli bir noktaya sagdan yaklasirken parcali fonksiyon grafiginin ilgili
a  parcasimi belirlemeyi, bu parca iizerinde inceleme yaparak limit degerine karar
vermeyi ve gerekce sunmayi gerektirmektedir.

Belirli bir noktaya soldan yaklasirken pargali fonksiyon grafiginin ilgili
b pargasini belirlemeyi, limit degerinin fonksiyonun tanimli olmadig1 noktadaki
degere esit olabilecegine karar vermeyi ve gerekce sunmay1 gerektirmektedir.

Verilen fonksiyonun limitinin mevcut olup olmadigina tanim kiimesini dikkate
2 alarak ilgili noktanin komsuluklarinda cebirsel islemler yaparak karar vermeyi
gerektirmektir.

Verilen fonksiyonun limit degerini, belirsizlik tiiriinii tespit ederek bu
Cebirsel 3 belirsizligi  giderebilecek  cebirsel  islemler  araciligiyla  bulmayi
gerektirmektedir.

a  Verilen pargali fonksiyonun limitinin ilgili cebirsel ifadeler tlizerinde iglemler
6 —— yapilarak belirli bir noktada mevcut olup olmadiginin belirlenmesini
b gerektirmektedir.

Calismada kullanilan agik uglu sorularm bir kismi, ayni sorunun grafiksel ya da cebirsel formudur. Bu
dogrultuda grafiksel anlamay1 belirlemeye yonelik olan birinci ve dordiincii soru, sirasiyla ikinci ve tigiinci
soruda cebirsel anlamay1 belirlemeye yonelik forma donistiriilmiistiir. Sorularin bu sekilde belirlenmesinin
temel nedeni, Ogretmen adaylarmin grafiksel ve cebirsel anlamalarinin karsilastirilmasma kolaylik
saglayacaginin disiiniilmesidir. Belirtilen doniisiimii gésteren drnek bir soru ¢ifti Sekil 1°de verilmistir.

Veri toplama araci olarak kullanilan acik uglu smavin gelistirilmesinde ii¢ husus dikkate almmustir.
Bunlardan ilki, sinavda yer alan sorularin limit kavramna iliskin igerigi tam anlamiyla kapsamasidir. Tkincisi,
sorularm limit kavramina iligkin durumlara (6r., limitin varli§i, sagdan ve soldan limit bulma vb.) yonelik
gerekceler sunulmasma olanak saglamasidir. Ugiinciisii, sorularm grafiksel ve cebirsel anlama bakimmdan
karsilastirma yapilmasina imkan tanimasidir. Birinci ve ikinci hususlar gergeklestirilirken limit kavramina iliskin
kavram yamlgilar1 da géz oniinde bulundurulmustur. Ugiincii husus ise grafiksel anlamay1 belirleme amacli
kullanilan sorularin cebirsel forma doniistiiriilmiis hallerinin cebirsel anlamay1 belirlemede kullanilmasini agiklar
niteliktedir. Bu durumlar dikkate alinarak oncelikle her bir yazar soru oOnerilerinde bulunmustur. Ardindan
sorular iizerinde incelemeler yaparak kapsam gegerliligini saglayacak sekilde taslak hali olusturulmustur ve bir
uzman tarafindan sorularin taslak hali incelenmistir. Uzman goriislerinin alinmasiyla sorular iizerinde
diizenlemeler yapilarak bahsedilen siire¢ tekrarlanmig ve sorularm son hali olusturularak agik uglu smava
uygulamaya hazir hale getirilmistir.
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Yandaki gekilde bir f{x) fonksivonun grafigi 1njx|
1) verilmigtir. Buna gore f(x) fonksiyonunun | 2) f(x)= —— fonksiyonunun x=0
belirtilen noktalarda limitinin mevcut olup noktasin dax limitinin meveut  olup
olmadifim belirleyerek varsa limit degerini olmadigimbelirleyiniz ve varsa limit
grafik tizerinden bulunuz ve gerekgelerinizi desierini hesaplayimz
belirtiniz. 8 paymiz.
fonksi
l:l f (x) ouKslyanunun |:| f{x) fonksiyonunun limiti vardar.
a) lim F(x) = l:‘ limiti vardir.
&0 D F(x) fonksiyonunun
limiti yoktur. |:| f(x) fonksiyonunun limiti yoktur.
Gerelpe: Cozim:
4
|:| f{x) fonksiyonunun
2 . limiti vardir.
3 b) Jm, 1 ) _l:l [] f{x) fonksiycnunun
limiti yoktur.
h Gerekpe:
=

Sekil 1. Grafiksel ve cebirsel anlamayi belirlemeye yonelik es deger sorular

Veri toplama aracinin uygulanmasi siirecinde ortaya ¢ikabilecek aksakliklar: gérmek ve bu aracin gegerlik ve
gilivenirligini test etmek, verilerin analiz edilmesinde nasil bir yol izlenecegine karar vermek amaciyla pilot
calismas1 yapilmistir. Pilot ¢alismasi, matematik Ogretmenligi programinda 6grenim gdren dordiincii smif
ogrencilerine uygulanmistir. Bu uygulamanin sonucunda pargali fonksiyonlarda grafiksel ve cebirsel anlamay1
belirlemek igin farkli sorularin kullanilmasmin uygun olacagina karar verilmistic. Bunun sebebi, parcali
fonksiyonun grafigi ile bu fonksiyonun cebirsel ifadesinin iki ayri soruda verilmesi durumunda bunlarin
ogrenciler tarafindan ayni sorunun iki farkli formu oldugunun dogrudan fark edebilmesidir. Bu dogrultuda son
iki soruda belirtilen fonksiyonlar iki farkli par¢ali fonksiyon olarak diizenlenmistir. Bu sorularin es deger
olmasini saglayan temel unsur parcali fonksiyondur. Bununla birlikte cebirsel anlamaya yonelik son soruda (S6)
¢ozlimle birlikte gerekgesinin de istenmesinin gerekli olmadigina karar verilmistir. Boyle bir kararin alinmasimin
sebebi, sunulmasi beklenen gerekgenin ¢6ziim adimlarindaki cebirsel islemlerle ifade edilmesidir. Bunun
sonucunda veri toplama araci asil uygulama i¢in uygulanabilir hale getirilmistir. Ayrica pilot ¢caligma ile verilerin
analizi i¢in gelistirilen kategorik puanlama cetvellerinde literatiir desteginin yani sira ortaya cikabilecek
durumlarm ihmal edilmesinin 6niine gegilmistir. Bununla birlikte pilot ¢caligma veri toplama aracinin uygulama
stiresinin belirlemesinde de arastirmaya yon vermistir.

2.3. Verilerin Analizi

Aragtirmanin amact dogrultusunda uygulanan sinavdan elde edilen veriler, grafiksel ve cebirsel anlama
kategorik puanlama cetvelleri araciligiyla analiz edilmistir. Arastirmacilar tarafindan gelistirilen bu kategorik
puanlama cetvelleri, 6gretmen adaylarinin limit kavrami ile ilgili grafiksel ve cebirsel anlama diizeylerini
belirlemeye yonelik gostergeler icermektedir. Gostergeler belirlenirken pilot ¢aligma sonucunda elde edilen
Ogrenci yanitlarma ek olarak alanyazin da (Lee, 1992) dikkate alinmistir. Bunun sonucunda limit kavraminin
grafiksel ve cebirsel anlamaya yonelik temel gostergelerine karar verilmistir. Bu temel gostergeler “limit
varligina karar verme”, “limit degerini ifade etme”, “gerek¢e sunma” ve “cebirsel islemler yiiriitme” dir.
Grafiksel ve cebirsel anlama diizeyi ile ilgili gostergeler genel olarak benzer bilesenler etrafinda
sekillendirilmesine karsin bu anlamalarin dogasinin farkli olmasi, iki ayr1 kategorik puanlama cetvelinin
gelistirilmesine yol agmistir. Buna bagli olarak “gerekce sunma” grafiksel anlama diizeyinin dogasina uygun
gostergelerden biri iken “cebirsel islem yiiriitme” cebirsel anlama diizeyinin dogasina uygun gostergelerden
biridir. Puanlama cetvellerindeki gostergelere son halinin verilmesi, pilot calisma ile elde edilen 6grenci
yanitlarindaki biitiin olast durumlar1 kapsayacak sekilde yeni gostergelerin eklenmesiyle gerceklestirilmistir.
Puanlama cetvellerinde belirtilen anlama diizeyleri, temel diizey perspektifinden incelenen grafiksel anlamanin
ve islemsel diizey perspektifinden incelenen cebirsel anlamanin alt kategori diizeyleridir. Grafiksel anlamanin alt
kategori diizeyleri (GAO, GA1, GA2, GA3, GA4) ve cebirsel anlamanin alt kategori diizeyleri (CAO, CAl, CA2,
CA3, CA4) acik uglu sinavda yer alan sorulara adaylar tarafindan verilebilecek biitlin olasi yanitlar dikkate
alinarak belirlenmistir. Adaylar tarafindan verilen yanitlar puanlama cetveli dikkate almarak sifir (0) puandan
dort (4) puana kadar puanlandirilmistir. Ornegin, grafiksel anlama diizeyini belirlemeye yonelik sorulan S1
sorusunda limitin varligina “dogru” karar veren, limit degerini “yanls” ifade eden ve “kismen” gerekge sunan
bir 6gretmen adayr GA2 diizeyinde yer aldigindan bu soru i¢in “2” puan almistir. Anlama diizeyleri ayr1 ayr1
incelenirken diizeylere yonelik yalnizca frekans ve yiizde dagilimi belirtilmistir. Grafiksel ve cebirsel anlama
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diizeylerinin karsilastirilmast siirecinde ise adaylarin toplam puanlar1 dikkate almmustir. Veri analizi igin
kullanilan “Grafiksel Anlama Kategorik Puanlama Cetveli” Tablo 2’de verilmistir.

Tablo 2. Grafiksel Anlama Kategorik Puanlama Cetveli

Soru S1ve S4 Soru S5
Gosterge Limit Limit Gosterge Limit
Kategori varhgina d(_agerini Gerekge dggerini Gerekge
Diizey karar ifade sunma Diizey ifade sunma
verme etme etme
GAO a  Yanit yok Yanit yok Yanit yok GAO a  Yantt yok Yanit yok
< b Yanlig Yanlig Yanlig/Hayir b Yanlig Yanlig/Hayir
% a Dogru Yanlig Yanlig/Hayir
= b Yanlis Dogru Yanhs/Hayir
<_% GAL c Dogru Dogru Yanhs/Hayir GAL Yanhs Kismen
§ d Yanlig Yanlig Kismen
= a Dogru Yanlis Kismen .
g GA2 b Yanlss Dogru Kismen GA2 Dogru Yanlhs/Hayir
GA3 Dogru Dogru Kismen GA3 Dogru Kismen
GA4 Dogru Dogru Yeterli GA4 Dogru Yeterli

Veri analizi i¢in kullanilan “Cebirsel Anlama Kategorik Puanlama Cetveli” ise Tablo 3’te verilmistir.

Tablo 3. Cebirsel Anlama Kategorik Puanlama Cetveli

Soru S2 ve S6 Soru S3
_Gosterge  Limit - Limit o0 Glsterge | g Cebirsel
. varhgina degerini . . L .
Kategori . Karar ifade islem . degerini islem
Diizey yiiriitme Diizey ifade etme yiiriitme
verme etme
a Yamtyok Yanit yok Yanit yok
b Yanl Yanl q a Yanit yok Yanit yok
anlt anlt ayir
CAO > > Y CAO
c Yanlis Yanlis Yanlis
- b  Yanhg/Hayir Yanlig
d Dogru Yanlig Hayir
a Dogru Dogru Hayir
b Dogru Yanlig Yanlis
E CAl c Yanlis Dogru Yanlis CAl Dogru Yanlis
©
:% d Dogru Dogru Yanlis
3 e Yanlig Yanlig Kismen
.E a Yanlis Yanlig Dogru
3 CA2 b Yanlis Dogru Kismen CA2 Yanlig/Hayir Kismen
c Dogru Yanlis Kismen
a Dogru Dogru Kismen .
a Dogru Kismen
CA3 b Yanlis Dogru Dogru CA3
- - b Yanlis Dogru
c Dogru Yanlis Dogru
CA4 Dogru Dogru Dogru CA4 Dogru Dogru

Verilerin kategorik puanlama cetvellerine gore analiz edilmesi sonucunda her bir anlama diizeyinin
gostergelerine yonelik frekans ve yiizdeler belirlenmistir. Bu frekans ve yiizdeler iizerinden 6gretmen adaylarinin
grafiksel ve cebirsel anlama diizeylerine yonelik karsilagtirmalar yapilmistir.

2.4. Gegerlik ve Giivenirlik Calismalar

Veri toplama araci, kategorik puanlama cetveli ve verilerin analizi olmak iizere ii¢ duruma iliskin gegerlik ve
giivenirlik caligmalar1 gergeklestirilmistir. Veri toplama aracimna iliskin gegerlik ve giivenirlik ¢aligmasi olarak
acik uglu smavinin igeriginde limitin formal tanimi disinda sezgisel tanimi, sagdan ve soldan limit, sonsuz
limitler, limit ile ilgili cebirsel iglemler ve teoremler seklinde limit kavramma iligkin biitliin kapsami i¢erecek
sekilde sorulara yer verilmistir. Bununla birlikte matematik egitimcisi olan bir uzmanin goriisiine bagvurularak
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sorularm limit kavramma yonelik grafiksel ve cebirsel anlamay1 belirlemeye uygun oldugu tespit edilmistir.
Uzman goriisleri birka¢ kez alinmakla birlikte tekrarlayan bir siire¢ seklinde gerceklestirilmistir. Kategorik
puanlama cetvellerinin gecerlik ve giivenirlik caligmasi kapsaminda literatiir destekli olarak olusturulmalarmin
sonrasinda uzman goriislerine bagvurulmustur. Uzman goriisleri dogrultusunda gostergeleri metin sekilde ifade
etmek yerine daha kolay fark edilmesini saglayabilecek bir yapiya doniistiiriilmiistiir. Tercih edilen bu yapi, veri
analizinin de daha kolay yapilmasma olanak saglamigtir. Puanlama cetvellerinin son halinin olusturulmasi
noktasinda 6n bir veri analizi yapilarak olas1 gostergelerin gozden kagirilmasmin oniine gecilmistir. Verilerin
analizinde ise kodlama giivenirligini saglamak icin arastirmacilar verileri bagimsiz olarak kodlamistir.
Aragtirmacilarin kodlamalar1 arasinda %80 oraninda bir uyum oldugu belirlenmistir. Arastirmacilar, kodlamalar1
arasindaki uyumsuzluklar iizerine tartigmalar gerceklestirerek gerekli diizenlemeleri yapmuistir.

2.5. Siire¢

Fen bilgisi 6gretmen adaylarmm limit kavramina yonelik anlamalarini grafiksel ve cebirsel agidan incelemeyi
amaglayan bu ¢alisma, 2017-2018 egitim ve dgretim yilmm giiz ddnemi genel matematik 1 dersinde kavram ile
ilgili gerekli alt yapmin olusturulmasi sonrasinda gerceklestirilmistir. Genel matematik 1 dersi, matematik
egitimcisi olan yazarlardan biri tarafindan yiiriitiilmistiir. Ders siirecinde limit kavranmu 6gretilirken hem grafik
hem de cebirsel islemler iizerinden kavramin anlami vurgulanmistir. Bu bakimdan &gretmen adaylarinin
grafiksel ve cebirsel anlamalarimi dengeli olarak destekleyecek bir 6gretim amaglanmis ve bu ders belirtilen
amaca hizmet edecek sekilde planlanarak yiiriitiilmiistiir. Bu ders kapsami, limit kavrammm 6gretimi amaciyla
ii¢ hususa bagli olarak sekillendirilmistir. Birincisi, kavramin taniminin 6ziimsenmesi i¢in bir fonksiyonun belirli
bir noktanin komsulugunda degerlerinin nasil degistigine iliskin bir siire¢ yasatmaktadir. Ikincisi, her bir
fonksiyonunun limitini grafikleri iizerinden arastirmak ya da teyit etmektir. Ugiincii ise bir fonksiyonun limit
degerini bulmak i¢in ne tiir cebirsel islemler gerceklestirilebilecegi iizerine tartismak ve bu islemleri
gerceklestirmektir. Ogretim doneminin sonunda 6gretmen adaylarmin limit kavramina yonelik anlamalari agik
uclu bir smav araciligiyla belirlenmistir. Sinavin uygulanmasi yaklasik 45 dakika siirmistiir ve adaylarin
sorulara yonelik yanitlar1 bireysel olarak alinmistir.

3. Bulgular

Fen bilgisi 6gretmen adaylarmin limit kavramina yonelik grafiksel ve cebirsel anlama diizeyleri ile bu iki
diizeyin karsilagtirilmasi bu boliimde ¢ alt baglik halinde sunulmustur.

3.1.08retmen Adaylarimin Limit Kavramina Yoénelik Grafiksel Anlama Diizeyleri ile Tlgili Bulgular

Calismada fen bilgisi 6gretmen adaylarmin grafiksel anlama diizeylerini belirlemeye yonelik sorulara verdigi
yanitlar, grafiksel anlama kategorik puanlama cetvelinde yer alan gostergelere gore analiz edilmistir. Bu analiz
sonucunda elde edilen frekans ve yiizde dagilimi Tablo 4°te sunulmustur.

Tablo 4. Grafiksel Anlama Diizeyleri ile ilgili Frekans ve Yiizde Dagilimi

S1 S4 S5
Soru Soru Toplam
Sla Sib Sda S4b Sha S5b
Diizey f % f % f % f % Diizey f % f % f %
GAD a 1 122 2 244 3 366 1 122 GAO a 6 732 9 1 106 2154
b 16 195 17 207 7 854 3 3,66 b 22 268 19 232 ’
a 1 122 21 256 4 488 5 61
b 0 0 1 122 0 0 3 3,66
GAl GAl 8 976 10 122 113 22,97
c 21 256 3 366 20 244 8 9,76
d 3 1366 0 0 1 122 4 488
a 1 122 5 61 3 366 1 122
GA2 GA2 14 171 12 146 37 7,52
b 0 0 0 0 O 0 1 122
GA3 29 354 7 854 35 42,7 27 329 GA3 5 61 4 488 107 21,75
GA4 10 122 26 31,7 9 11 29 354 GA4 27 329 28 34,1 129 26,22

Tablo 4’te goriildiigl gibi 6gretmen adaylarmm yaklasik %48’i GA3 ve GA4 olmak iizere limit kavramina
yonelik grafiksel anlama bakimindan iist diizeylerde yogunlasmustir. Her bir diizey incelendiginde 6gretmen
adaylarmin yaklasik %26’smin en iist diizey olan GA4 diizeyinde, yaklasik %22’sinin ise GA3 diizeyinde yer
aldig1 gorilmektedir. GAO ve GA1 diizeyleri ele alindiginda 6gretmen adaylarinin yaklasik %45’inin grafiksel
anlama bakimindan alt diizeylerde yogunlastig1 dikkat ¢ekmektedir. Dolayisiyla 6gretmen adaylarmin bilyiik bir
cogunlugunun ya ist diizeylerde ya da alt diizeylerde grafiksel anlamaya sahip oldugu fark edilmektedir.
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Yaklasik %8 olmak iizere oldukca kii¢iik bir kismi ise GA2 diizeyinde olup orta diizeyde bir grafiksel anlamaya
sahiptir.

Ogretmen adaylarinin grafiksel anlama bakimmdan GA4 diizeyinde yogunlasmalarmin agik uclu sinavda yer
alan S1b, S4b, S5a ve S5b sorularma verdikleri yanitlarla kaynaklandig: fark edilmektedir. Ogretmen adaylarinin
biiytiik bir kisminin (%35,4) limitin varligini ifade etme ve yeterli gerekce sunma agisindan dogru yanitladigi S4b
ile ilgili 6rnek ¢dziim Sekil 2°de yer almaktadir.

Yandaki sekilde bir f(x) fonksiyvonun grafigi
verilmistir. Buna gore f(x) fonksiyonunun
belirtilen noktalarda limitinin mevcut olup
olmadifim belirleyerek varsa limit degerini
grafik tlizerinden bulunuz ve gerekgelerinizi
belirtiniz.

<] f(x) fonksiyonunun
limiti vardir.
b li =ﬂ
)"‘I‘I}%f(x) . D f(x) fonksiyonunun

i limiti yoktur.
' 1
. H i .. | Gerekge: i L0 2 113
a3 T 3 -2 T 0 ] 3 3 1 X &'-Jig =" Sé'féﬁ-\ 2olclon
\Crre -DL(.“‘;. tnq
27

A 3 G-PK‘\' olelo-
W limia  Yor Ve ‘u:*("tﬂ":f‘l"'{ >
. B refe alaalh ol

Sekil 2. S4b ile ilgili GA4 diizeyine yonelik d6rnek ¢oziim

Sekil 2°de goriildiigii gibi 6gretmen aday1 belirtilen nokta i¢in grafik tizerinde sagdan ve soldan incelemeler
yaparak limit varligma yonelik dogru bir karar vermistir. Ayrica limit degerini dogru ifade ederek yeterli bir
gerekce sunmustur. Boylece 6gretmen aday: grafiksel anlama bakimidan GA4 diizeydeki gostergelere uygun
bir ¢6ziim gergeklestirmistir.

Grafiksel anlama diizeylerinden GA3’e yonelik yanitlar gogunlukla (%42,7) S4a sorusunun ¢dziimiinde
ortaya ¢ikmistir. Bu diizeye iligkin 6rnek ¢6ziim Sekil 3’te verilmistir.

Y Yandaki gekilde bir f(x) fonksiyonun grafigi
verilmistir. Buna gére f(x) fonksiyonunun
belirtilen noktalarda limitinin mevcut olup
olmadiimi belirleyerek varsa limit degerini
grafik tlizerinden bulunuz ve gerekcelerinizi
belirtiniz.

|:| f(x) fonksiyonunun
limiti vardir.

f(x) fonksiyonunun

limiti yoktur.

Gerekge: Scldon _W[;_{@sh S":Mﬂﬂfﬂa

-1 dc%ef‘“ e ape s;}jﬂ&z\‘ ﬁaUaﬁj‘s-
meca ﬁa’t-
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.
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Sekil 3. S4a ile ilgili GA3 diizeyine yonelik 6rnek ¢oziim

Sekil 3’te dgretmen aday1 limitin varligma yonelik uygun bir karar vererek dogru limit degerini belirtmis;
ancak yeterli olmayan bir gerek¢e sunmustur. Bu ¢oziimde gerekgesinin yeterli olmamasmin nedeni, ilgili
noktaya soldan yaklastiginda var oldugunu ileri siirdiigii degerin hangi sayiya esit oldugunu belirtmemesi ve
sagdan yaklagtiginda limit degerinin olmamasini sonucun sonsuz ¢ikmasiyla iliskilendirememesidir.

Ogretmen adaylarmin grafiksel anlama bakimmndan GAO diizeyinde yogunlastig1 sorular S5a ve S5b’dir.
Bununla birlikte S1a ve S1b sorularinda da dikkate deger oranda (sirasiyla %19,5 ve %20,7) bir yogunlasma s6z
konusudur. Ayni sorularda 6gretmen adaylarmm biiyiik bir cogunlugunun (%25,6) GAl diizeyinde yanitlar
verdigi fark edilmistir. Limitin varligini, limit degerini ve gerekg¢eyi yanlis ifade eden iki farkli 6gretmen
adaymin GAO diizeyine uygun ¢oziimleri Sekil 4’te sunulmustur.
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Yandaki gekilde bir f(x) fonksiyonun grafigi
verilmistir. Buna goére f(x) fonksiyonunun
belirtilen noktalarda limitinin mevcut olup
olmadigimi belirleyerek varsa limit degerini
grafik tlizerinden bulunuz ve gerekgelerinizi

belirtiniz.
o F(x) fonksiyonunun

. K limiti vardir.
2) ng&f(x) _@ [] f(x) fonksiyonunun

limiti yoktur.

. t .
e, ferelse P} Oa gideben Yoo
ASGT e

[a)

[] f(x) fonksiyonunun

limiti vardir.
2 ' = —
b) Jim, £ (=) [A f(x) fonksiyonunun
3 limiti yoktur.

Gerekge: So.‘g Je olden by amig ler
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L 4 Sﬁdg-._i"’f\"' {f(""\-'\‘ \b \t
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Sekil 4. Sla ve S1b ile ilgili GAO diizeyine yonelik 6rnek ¢oztimler

Sekil 4’te goriildiigii lizere Sla sorusunda 6gretmen adayi reel sayilar kiimesinde bir fonksiyonun limit
degerinin sonsuz olabilecegini diisiinerek limitin varlifina ydnelik yanlis bir karar vermistir. Ayrica ilgili
noktaya sagdan ve soldan yaklagirken sirasiyla —oo ve 400 sonucglarmna ulasildigindan fonksiyonun limitinin
mevcut olmadig1 seklinde bir gerekge sunamamustir. Ogretmen aday1, S1b sorusunda ilgili noktada fonksiyonun
sagdan ve soldan limitini grafik {izerinde incelerken sirastyla limit degerlerini 1 ve oo bularak limitin olmadigina

karar vermistir. Ogretmen adaymdan beklenen yanit ise ilgili noktada limitin mevcut oldugu ve degerinin 0
oldugudur.

Ogretmen adaylarmin grafiksel anlama bakimindan en az GA2 diizeyine uygun yanitlar verdigi goriilmiistiir.
Limit degerini dogru ifade ederek bununla ilgili yanlis gerekce sunan (S5a) ya da herhangi bir gerek¢e sunmayan
(S5b) iki 6gretmen adaymin GA2 diizeyine uygun ¢oziimleri Sekil 5’te sunulmustur.

y Yandaki sekilde bir f(x) fonksiyonun grafigi
verilmigtir. Buna gére f(x) fonksiyonunun
belirtilen noktalardaki limit degerini grafik
lizerinden bulunuz ve gerekgelerinizi belirtiniz.

Jmre=[-

Gerekge: D‘Q bo%kd\' ablenrten
-2 ecotks -3k benimls
'da c\es\fl ot SRR
bor ddo

: - Jm oo =

- Gerekge:
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bt

Sekil 5. S5a ve S5b ile ilgili GA2 diizeyine yonelik 6rnek ¢oztimler

Sekil 5’te goriildigii gibi 6gretmen adayr SS5a sorusunda ilgili noktanm sagdan limit degerini dogru
belirtmesine ragmen sundugu gerekge yeterli degildir. Ogretmen adayi, fonksiyonun bir noktadaki limit
degerinin o noktada tanimli olmasi gerektigine isaret eden bir gerek¢e sunmustur. Bu durum, 6gretmen adayinin
ilgili noktadaki degerin fonksiyonun deger kiimesine dahil olmasima bagl olarak karar verdigini ve kismen bir
gerekee sundugunu gostermektedir. S5b sorusunda ise diger 6gretmen adayi fonksiyonun ilgili noktadaki soldan
limitini dogru belirtmis; ancak herhangi bir gerek¢e sunmamistir.
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3.2.08retmen Adaylarimin Limit Kavramina Yoénelik Cebirsel Anlama Diizeyleri ile lgili Bulgular

Calismada fen bilgisi 6gretmen adaylarinin cebirsel anlama diizeylerini belirlemeye yonelik sorulara verdigi
yanitlar, cebirsel anlama kategorik puanlama cetvelinde yer alan gostergelere gore analiz edilmistir. Bu
analizden elde edilen frekans ve ylizde dagilimi Tablo 5°te sunulmustur.

Tablo 5. Cebirsel Anlama Diizeyleri ile Ilgili Frekans ve Yiizde Dagilimi

Soru S2 >0 Soru S3 Toplam
S6a S6b
Diizey f % f % f % Diizey f % f %
a 6 7,32 4 4,88 6 7,32
: : : a 31 378

CAD b 3 3,66 4 4,88 3 3,66 CAO 132 402
c 18 22 1 1,22 0 0 b 39 476
d 5 6,1 5 6,1 7 8,54 '
a 2 2,44 4 4,88 3 3,66
b 5 6,1 1 1,22 3 3,66

CA1l G 0 0 0 0 0 0 CA1l 4 488 78 238
d 18 22 0 0 0 0
e 9 11 13 159 16 195
a 0 0 0 0 0 0

CA2 b 0 0 0 0 0 0 CA2 2 244 13 3,96
c 7 8,54 0 0 4 4,88
a 9 11 16 195 13 159 a 0 0

CA3 b 0 0 0 0 0 0 CA3 100 30,5
c 0 0 34 415 27 329 b 1 1,22

CA4 d 0 0 0 0 0 0 CA4 5 6,1 5 1,52

Tablo 5’te goriildiigli lizere Ogretmen adaylarmin %64’ cebirsel anlama bakimindan CAO0 ve CAl
diizeylerinde yogunlagmistir. Ogretmen adaylarinin yaklasik %32 sinin ise CA3 ve CA4 diizeylerinde yer aldig
goriilmektedir. Bu durum, adaylarin bilyiik bir ¢ogunlugunun limit kavramina yonelik alt diizeyde cebirsel
anlamaya sahip oldugunu gostermektedir. Cebirsel anlama bakimindan orta diizey olarak nitelendirilen CA2
diizeyinde ise 0gretmen adaylarmin yaklasik %4’i yer almaktadir. Bu diizey, CA4 diizeyinin (%1,52) ardindan
en diisiik ylizdeye sahiptir.

Ogretmen adaylarinin cebirsel anlama bakimindan CAO diizeyinde yogunlagmalarma agik uclu smavda yer
alan S3 sorusuna verdikleri yanitlar yol agmistir. Bu diizeyde nitelendirilmelerine sebep olan bir diger soru ise
S2°dir. Cebirsel iglemleri yanlis yiriiterek limit degerini yanlis ifade eden iki 6gretmen adaymin S3 sorusuna
yonelik ¢oziimleri Sekil 6’da yer almaktadir.

3) ll_,rg x(e:l: — 1) limitinin degerini bulunuz.
oo x (%= 1) (&
! X Cx- ’{ 8 . (22 ..—{ = OQ. =
XN O3 W—@/‘) O 0
0
=4
| /—\5';2 = 'g
Hen x(e*-g) s M ™. 0
)(-)Cp Z )(,)@ —
L=y i~ o (1) i,
oo b3~
lima o. (1-1)
x> A

Sekil 6. S3 ile ilgili CAO diizeyine yonelik drnek ¢oziimler

Sekil 6°da gorildugi gibi her iki 6gretmen aday: cebirsel islemler yiiriiterek 0. oo belirsizligine ulasmalarina
ragmen bu ifadenin bir belirsizlik durumu oldugunu fark edememislerdir. Ogretmen adaylarindan biri bu

755



T. Oztiirk, N. Sénmez

ifadenin sonucunu "0", bir digeri ise "oo" olmak iizere yanlis olarak belirtmistir. Buna karsin soruda adaylardan
beklenen, bu belirsizligi gidermeye yonelik dogru cebirsel islemler yiiriitmeleri ve limit degerini "1" olarak
bulabilmeleridir.

Cebirsel anlama diizeylerinden CA3, CAO diizeyinden sonra en yiiksek yiizdeye (%30,5) sahiptir. Bu diizeye
yonelik yanitlar en ¢ok S6 sorusunda ortaya ¢ikmistir ve bu yanitlar S6a i¢in %61°lik, S6b i¢in %48,8’lik bir
orana sahiptir. Limitin varligina yonelik dogru karar vererek kismen dogru cebirsel iglemlerin yiiriitiilmesiyle
dogru limit degerine ulasan iki farkli dgretmen adaymin S6 sorusuna ydnelik c¢oziimleri Sekil 7°de yer
almaktadir.

2cosx, x <0
6)f(x) = [cosx +1, 0 = x < n fonksiyonunun belirtilen noktalarda limitinin mevcut olup olmadifinm

—sinx, X>W
belirleyiniz ve varsa limit degerini hesaplayiniz.
. . E’f(z}rfonksiyonunun limiti [ g . Iz F() fonksiyonunun Timiti
im - vardir. ; S
223 [] /() fonksiyonunun Limiti limf(x) =| © vardir. _
yoktur. ] |:| f(x) fonksiyonunun limiti
yoktur.
X+ 5 R X L7 :
e ) Ve PO 5 Ben 5%
)ro\'csi\jonu(\u Yoz . LDk x>t
Y
= el ]
hen FOO = ces 0 -+ =0 I aden X 2
¥ - U 3 o T
T Vm L) B A Pen =A% wicdon Vit
- w2 yi=™ WA
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Y osQ +\ q
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Sekil 7. S6a ve Sob ile ilgili CA3 diizeyine yonelik drnek ¢oziimler

Cebirsel anlamanin en iist diizeyi olan CA4 diizeyine uygun yanitlar, sadece S6 sorusunda ortaya ¢gikmistir.
Dolayisiyla bu diizeye yonelik cebirsel anlamaya sahip olan 6gretmen aday: sayisi oldukca azdir. Bu diizeyden
sonra en diisiik ylizdeye sahip anlama diizeyi CA2’dir. Limit varhigma dogru karar veren, kismen dogru cebirsel
islemler yiiriiterek yanhs limit degerine ulasan bir 6gretmen adaymin CA2 diizeyine uygun ¢oziimii Sekil 8’de
yer almaktadir.

2) f(x) = Ini] fonksiyonunun x = 0 noktasinda limitinin mevcut olup olmadigim belirleyiniz ve varsa limit
X
degerini hesaplaymniz.
[] f(x) fonksiyonunun limiti vardur. | [X} F(x) fonksiyonunun limiti yoktur.

by b0l ol = __C%__ o pcldc(dSl 0 oldugw W™ Jonmsizdin

xaQ) X . 0

Sekil 8. S2 ile ilgili CA2 diizeyine yonelik 6rnek ¢oziim

Sekil 8’de goriildiigii gibi 6gretmen adayr fonksiyonun ilgili noktada sagdan ve soldan limitlerini
incelemeksizin cebirsel islemler yiirlitmiigtiir. Bu baglamda dgretmen adayi lim,_q In|x| ifadesinin sonucunun
"00" oldugunu belirterek kismen dogru bir cebirsel iglem yiiriitmiistiir. Bu cebirsel islemin ardindan aradaki bazi

islem adimlarint yapmaksizin % ifadesini dogrudan tanimsiz olarak niteleyerek limitin varligma yonelik dogru
bir karar vermistir.

3.3.0gretmen Adaylarinin Limit Kavramma Yonelik Grafiksel ve Cebirsel Anlama Diizeylerinin
Karsilastirilmasi

Ogretmen adaylarmm limit kavramina yonelik grafiksel ve cebirsel anlama diizeyleri es deger sorular dikkate
alinarak karsilastirilmistir. Bu amagcla her bir soru ¢iftinin anlama diizeylerine yonelik yiizdeleri belirlenmistir.
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Buna ek olarak her bir diizey i¢in grafiksel ve cebirsel anlama bakimindan yiizdeler belirlenerek karsilastirmalar
yapilmistir.

Oncelikle 6gretmen adaylarmin her bir es deger soru ¢iftindeki (S1-S2, S4-S3 ve S5-S6) grafiksel ve cebirsel
anlama acisindan hangi diizeyde yer aldiklarinin belirlenmesi amacglanmigtir. Grafiksel ve cebirsel anlama
diizeylerinin es deger sorular lizerinden karsilagtirilmasi Tablo 6’da verilmistir.

Tablo 6. Anlama Diizeylerinin Es Deger Sorular Uzerinden Karsilastiriimast

. . Es Deger Sorular
ot S S S~ S——
S1 (%) S2 (%) S4 (%) S3 (%) S5 (%) S6 (%)
0. Diizey 21,95 39,02 8,54 85,37 34,15 18,29
1. Diizey 30,49 41,46 27,44 4,87 10,98 24,39
2. Diizey 3,66 8,54 3,05 2,44 15,85 2,44
3. Diizey 21,95 10,98 37,8 1,22 5,48 54,88
4. Diizey 21,95 0 23,17 6,1 33,54 0

Tablo 6’da goriildiigii gibi 6gretmen adaylarinin genel anlamda es deger sorularda belirtilen fonksiyonun
limit degerini grafik izerinden dogru bir sekilde belirleyebildikleri fark edilmistir. Dolayisiyla adaylarm es deger
soru ¢iftlerinden ilk ikisinde (S1 ve S2 ile S4 ve S3) grafiksel anlamaya ydnelik olan sorularda (S1 ve S4) daha
st diizeyde yer aldiklar1 goriilmektedir. Ancak S5 ve S6°da grafiksel anlama bakimindan yaklasik %39°u;
cebirsel anlama bakimindan ise yaklasik %55°1 st diizeylerde yer almaktadir. Bu durum son es deger soru
¢iftinde adaylarin cebirsel anlama bakimindan daha iist diizeyde yer aldigini géstermektedir. Her ne kadar bu
soru ¢iftinde adaylar cebirsel anlama bakimindan daha iist diizeyde yer alsalar da (CA3 diizeyinde %54,88) en
iist diizey olan CA4 diizeyinde (%0) yanit verememislerdir.

Ogretmen adaylarmin limit kavramma yonelik anlama diizeylerinin grafiksel ve cebirsel agidan
karsilagtirilmasi Grafik 1°de sunulmustur.
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Grafik 1. Anlama diizeylerinin grafiksel ve cebirsel yonden karsilagtiriimasi

Grafik 1°de goriildiigii gibi her bir anlama diizeyi grafiksel ve cebirsel yonden incelendiginde limite yonelik
cebirsel anlamanin genel olarak alt diizeylerde daha yiiksek oldugu fark edilmektedir. Anlama diizeylerinden en
alt diizey olarak nitelendirilen 0. diizeyde limite yonelik cebirsel anlama oraninin grafiksel anlama oranina gore
yiiksek (GAO: %21,54; CAO: %40,2) oldugu goze carpmaktadir. Bu durum, 6gretmen adaylarinin cebirsel
anlama bakimidan daha alt diizeyde olduklarma isaret etmektedir. Ust diizeylerde ise grafiksel anlamanin daha
yiiksek oranlarda oldugu goriilmektedir. Ozellikle de 4. diizeyde 6gretmen adaylarinin limite yonelik grafiksel
anlamalarinin cebirsel anlamaya gore oldukca yiiksek bir orana (GA4: %26,22; CA4: %1,52) sahip oldugu
dikkat c¢ekmektedir. Dolayisiyla O6gretmen adaylarmm limite ydnelik grafiksel anlamalarmm cebirsel
anlamalarina gore daha 6n planda oldugu gériilmektedir.

4.Tartisma, Sonu¢ ve Oneriler

Bu calisma ile fen bilgisi 6gretmen adaylarinin limit kavramina yonelik grafiksel ve cebirsel anlama
diizeylerini incelemek amaglanmistir. Bu amag¢ dogrultusunda 6gretmen adaylarina agik uglu bir smav

757



T. Oztiirk, N. Sénmez

uygulanarak grafiksel ve cebirsel anlama diizeyleri belirlenmistir. Arastrmanin bulgularmma dayali olarak
O0gretmen adaylarmin limit kavramina yonelik grafiksel anlamalarmin genel olarak iist diizeyde yer aldig:
sonucuna ulagilmistir. Bununla birlikte adaylarin cebirsel anlamalarmin alt diizeyde oldugu belirlenmistir. Bu
durum O6gretmen adaylarinin bir fonksiyonun limit degerini, grafigi iizerinden kolaylikla belirleyebilirken
cebirsel iglemleri genel anlamda dogru bir sekilde yiiriiterek limit degerine ulasamadiklarina igaret etmektedir.
Fen bilgisi 6gretmen adaylarmin fizik, kimya, biyoloji gibi alan derslerinde siklikla grafikler {izerinden
yorumlamalar yapmalarini gerektiren durumlarla karsilagsmalar1 grafiksel anlamalarmin daha st diizeyde
olmasma katkida bulunmus olabilir. Fen derslerinde 6grenmeleri kolaylastrmak ve 6grenilenlerin kalicihigini
arttrmak icin grafikler siklikla kullanilan somut materyallerden biridir (Tasdemir, Demirbas ve Bozdogan,
2005). Tasar, Inge¢ ve Giines (2002) fen bilimleri derslerinde deney yaparken grafik cizme ve anlama
becerisinin deneyden sonu¢ elde etme siirecindeki Onemine vurgu yapmuslardir. Verileri kaydetme,
siiflandirma, aralarmdaki belirgin iligkileri bulma ve sonuglar1 sunma asamalarinda grafik ¢izme ve
yorumlamanm o&zellikle laboratuvar derslerinde yapilan deneylerde siklikla kullanildigmni ifade etmislerdir.
Grafiklerin iki ya da daha fazla degisken arasindaki iliskinin 6zetini sunarak somutlastirdigini belirten Bowen ve
Roth (2003), grafiklerin fen bilimleri icin ¢ok temel bir somutlastirma aract olduguna vurgu yapmustir. Bu
caligma ile elde edilen ‘fen bilgisi 6gretmen adaylarmin grafiksel anlamalarmm iist diizeyde olmas1’ sonucuna
bir gerekce sunmasi bakimmdan Bowen ve Roth (2003) tarafindan dile getirilen ifadeler 6nemlidir. Ayrica bir
fonksiyonun grafiginin o fonksiyonun ilgili nokta civarmdaki davranigi hakkinda gorsel olarak somut veriler
sunmasi, adaylarin grafiksel anlamalarmin daha st diizeyde ¢ikmasini desteklemis olabilir. Nitekim, Arslan ve
Celik (2013) limitin formal tanimina gegmeden once belirli bir nokta civarindaki fonksiyonun davranigima
yonelik kavramsal temel olusturmada tablo ve grafiklerin incelenmesinin Onemine isaret etmistir. Sezgisel
tanimin olusturulmasi icin dnemli olan tablo ve grafik inceleme yaklagimmin genel matematik dersinde
kullanilmasinin adaylarin grafiksel anlamalarinin daha iist diizeyde ¢ikmasina yol agan nedenlerden biri oldugu
soylenebilir. Bununla birlikte limitin sezgisel tanimin1 anlamada 6grencilerin daha basarili oldugunu belirtilen
calismalarin meveut olmasi (Cottrill ve ark., 1996; I. Cetin, 2009) bu sonucu destekler niteliktedir. Ogretmen
adaylarmin grafiksel anlama bakimindan iist diizeyde yer almalari, grafik {izerinden ilgili noktadaki limit
degerini sagdan ve soldan dogru belirleyerek fonksiyonun limitinin varhigma yonelik dogru bir karar
verebildikleri ve uygun gerekgeler sunabildikleri anlamia gelmektedir.

Ogretmen adaylarmm bir fonksiyonun limitinin bir reel say1 civarinda sagdan veya soldan sonsuz ¢ikmasi
durumunda limitin varligina karar grafik iizerinden vermelerinin daha zor oldugu belirlenmistir. Buna karsin bir
fonksiyonun limitinin bir reel say1 civarinda degerinin yine bir reel say1 ¢ikmasi durumunda limitin varligina ¢ok
daha kolay karar verebildikleri tespit edilmistir. Bu sonucun ortaya ¢ikmasi, sonsuzluk kavrammimn 6grencilerin
zihinlerinde tam olarak yer etmemesine bagli olabilir. Ozmantar (2013) &gretim programlarinda okul éncesinden
iniversite diizeyine sonsuzluk kavramina yer verilmesine karsin Ogrencilerin her diizeyde bu kavrami
anlamlandirmakta zorluk yasadigini ifade etmistir. Singer ve Voica (2003) ilkdgretim diizeyindeki dgrencilerin
sonsuzluk kavramina yonelik sezgisel kavrayislarinin bu kavramin ger¢cek anlaminin yapilandirilmasinin 6niinde
bir engel oldugunu dile getirmistir. Tsamir ve Dreyfus (2002) ise lise ve tniversite diizeyindeki 6grencilerin
sonsuzluk kavramma dair tutarli olmayan fikirleri oldugunu belirtmistir. Dolayisiyla bu calismada fen bilgisi
Ogretmen adaylarinin sonsuzluk kavramini igsellestirememelerine bagli olarak bir fonksiyonun sagdan veya
soldan limitinin sonsuz ¢ikmasi durumunda limit degerine dogru karar verememis olabilirler. Limit kavrammin
anlasilmasinda epistemolojik bir engel olarak sonsuzluk kavramini ifade eden ¢aligmalarm (Elia ve ark., 2009;
Sierpinska, 1987) mevcut olmasi da bu sonucu agiklar niteliktedir.

Parcali fonksiyon grafigi iizerinde bir fonksiyonun limitin varligina karar verme ve limit degerini bulma
acisindan 6gretmen adaylarinin grafiksel anlamalarinin daha iist diizeyde oldugu ortaya ¢ikmistir. Bu durumun
ortaya ¢ikma nedenlerinden biri 6gretmen adaylariin 6nceki 6grenimlerinde parcali fonksiyon ve bu fonksiyon
iizerinde yapilan iglemlerle daha sik kargilamalar1 olabilir. Diger bir neden ise hem lise hem de lisans diizeyinde
fonksiyonlarin sagdan ve soldan limit degerlerinin incelenmesinin genellikle par¢ali fonksiyon Ornekleri
iizerinden yapilmasi olabilir. Buna ek olarak grafiksel anlamayi belirlemeye yonelik parcali fonksiyon sorusunda
limitin tek yonden (sadece sagdan ya da soldan) incelenerek degerinin sonlu bir reel say1 ¢ikmasi, adaylarin ilgili
soruda grafiksel anlamalarmin daha iist diizeyde ¢ikmasma neden olmus olabilir.

Pargali fonksiyon grafiklerinde belirli bir noktanin komsulugunda limit degeri incelenirken bir yonden
sonsuz c¢ikmasi adaylar icin genellikle zorluk olusturmustur. Ancak ag¢ik uglu sinavdaki pargali fonksiyon
sorusunda limit degerinin reel bir say1 ¢ikmasi da adaylarin grafiksel anlamalarinin daha st diizeyde yer
almalarina neden olmus olabilir. Parcali fonksiyon sorusunda grafiksel anlamalari iist diizey ¢ikmasina ragmen
o0gretmen adaylarinin zorluk yasadigi bir durum da belirlenmistir. Limitin incelendigi noktada tanimli olmasina
gerek olmadig bilgisini gdz ardi eden adaylar, fonksiyonun limit degerini belirlerken siirekliligini inceleme
girigiminde bulunarak yanilgiya diismiislerdir.

Ogretmen adaylarinin cebirsel anlama bakimindan alt diizeyde olmalari, cebirsel islemleri dogru bir sekilde
yirtitemedikleri, limitin varligmma yonelik dogru bir karar veremedikleri ve bunun sonucunda dogru bir limit
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degerine ulagamadiklar1 anlamina gelmektedir. Fen bilgisi 6gretmen adaylarinin grafik okuma ve yorumlamaya
daha egilimli olmalar1 cebirsel anlamalarinin alt diizeyde ¢ikmasma sebep olmus olabilir. Baki ve Cekmez
(2012) matematik 6gretmen adaylarina limitin formal tanimmin 6gretiminde cebirsel gosterimlerin grafiklerle
desteklenmesi gerektigini vurgulamiglardir. Fen bilgisi dgretmen adaylarma ise limitin sezgisel taniminin
ogretiminde grafiklerin kullaniminin yani sira cebirsel islemler yapmaya da 6zen gosterilmelidir. Benzer sekilde
Fernandez (2004) matematik 6gretmen adaylarina limitin formal tanimini dogrudan vermek yerine tek bir 6rnek
tizerinden hem grafiksel hem de cebirsel incelemelerle fonksiyonlarin formal tanimi iizerinde tartigmalarini
saglamistir. Bu bakimindan fen bilgisi 6gretmen adaylarina da limit 6gretimi yapilirken ayni 6rnek tizerinden
hem grafiksel hem de cebirsel incelemelerle limit degerini belirlemelerine imkan saglayacak 6grenme ortamlari
olusturulabilir. Bu durum fen bilgisi 6gretmen adaylarinin limiti kavramsal olarak anlamalarmma katk:
saglayabilir.

Adaylarin cebirsel anlamalarinin alt diizeyde oldugu sorulardan birinin belirsizlik durumuna yonelik olan
soru oldugu tespit edilmistir. Bununla birlikte logaritma ve mutlak deger fonksiyonlarini igeren rasyonel
fonksiyonun limit degerini bulmaya yonelik olan soruda da cebirsel anlamanin alt diizeyde oldugu belirlenmistir.
Adaylarin agik uglu sinavda yer alan 0.c0 belirsizlik durumunda gerekli cebirsel islemleri yiiritememeleri,

onceki 6grenimlerinde daha ¢ok % ve E belirsizlik durumlarina asina olmalarindan kaynaklanabilir. Ozmantar ve

Yesildere (2010) o6grencilerin limit alirken karsilastiklar1 bazi belirsizlik durumlarinda bu belirsizligi gidermek
icin gereken islemleri yiriitemediklerini belirtmistir. Aslinda bir belirsizlik durumunda limiti bulmak i¢in
yiriitiilmesi gereken iglemler cebirsel anlamanin temelini olusturan adimlardir. Rasyonel fonksiyon ile ilgili
sorunun yeterli 6lgiide yapilamama sebepleri ise adaylarin logaritma ve mutlak deger fonksiyonlarina yonelik
tanim bilgisindeki eksiklikleri ve bu fonksiyonlara yonelik cebirsel iglemlerde daha az deneyime sahip olmalar1
olabilir. Bukova (2006) bir fonksiyonun tiirii degistikge 6grencilerin limit alirken yasadiklar1 zorluklarin arttigimi
belirtmistir. Ayrica farkli fonksiyon tiirleri ile deneyime sahip olmayan 6grencilerin limit, siireklilik, tiirev gibi
kavramlarda fonksiyon tiirline bagli olarak sorun yasadiklarma isaret etmesi elde edilen bu sonucu
desteklemektedir. Agik uclu smavin cebirsel anlamaya yonelik bir diger sorusu olan par¢ali fonksiyonda ise
adaylar cebirsel iglemleri dogru bir sekilde yiiriitebilmistir. Bu durum, limitin sagdan ve soldan iki asamali
olarak incelenme siirecinin parcali fonksiyonun dogasiyla benzerlik gostermesinden kaynaklanabilir. Bununla
birlikte grafikler {izerinden oldugu gibi cebirsel igslemler araciliiyla fonksiyonlarin sagdan ve soldan limitinin
incelenmesinde genellikle pargali fonksiyonlara yonelik 6rneklerin tercih edilmesi bu durumun olugmasina sebep
olmus olabilir.

Acik uglu smavda yer alan es deger sorular {iizerinden adaylarin grafiksel ve cebirsel anlamalari
kiyaslandiginda diizeyler bakimindan onemli farklhiliklarm oldugu tespit edilmistir. Rasyonel fonksiyonun
cebirsel formunda anlama bakimindan {ist diizeydeki 6gretmen adaylarinin oranmin ayni sorunun grafiksel
formunda ist diizeylere ulasan adaylarin oranma gore olduk¢a az oldugu belirlenmistir. Benzer durum,
belirsizlik durumuna yonelik sorunun grafiksel ve cebirsel formundan elde edilen sonuglarda da gozlenmistir.
Buna karsin cebirsel olarak ifade edilen pargali fonksiyon sorusunda adaylarin anlama bakimindan iist diizeylere
ulasabildikleri belirlenmistir. Dolayisiyla adaylarin cebirsel anlama bakimindan iist diizeye yalnizca bu soruya
verdikleri yanitlarla ulasabildikleri tespit edilmistir. Bu ¢alismayla fen bilgisi 6gretmen adaylarmimn grafiksel ve
cebirsel anlamalar: incelenerek mevcut durumun betimlemesi yapilmistir. Bu ¢alismadan elde edilen sonuglarin
limit kavramina yonelik yapilacak bir 6gretimde fen bilgisi 6gretmen adaylarinin grafiksel ve cebirsel
anlamalarin1 desteklemek adma Ogretimdeki uygulamalara ydnelik Ogretim iiyelerine fikir verecegi
diisiiniilmektedir. Bu ¢aligma kapsaminda 6gretim siirecine herhangi bir miidahalede bulunmaksizin bir anlamda
“meveut durumun fotografi” ¢ekilmistir. Ileride yapilacak calismalarda her iki anlama diizeyini destekleyecek
miidahaleler araciligiyla (6r. dgrenme ortamlar: tasarimi) adaylarm anlama diizeylerinde nasil bir degisiklik
oldugu daha derinlemesine incelenebilir.
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